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INTRODUCTION. 



THIS Essay aims at a complete calculation of the effects produced by the 
action of a planet on the motion of the moon under the following 
limitations and conditions : 

(1) The problem of the motion of the moon under the action of the 
sun (supposed to move round the centre of mass of the earth and moon in 
a fixed elliptic orbit) and the earth, is considered to have been completely 
solved. 

(2) All the bodies are supposed to attract in the same manner as 
particles of masses equal to their actual masses and situated at the centres 
of mass. 

(3) All the planets are supposed to move in fixed elliptic orbits, 
i,e., the effect of the action of a planet transmitted either through the earth 
or through another planet is neglected. 

(4) Perturbations of the first order with respect to the ratio of the 
mass of a planet to that of the sun are alone calculated. 

(5) The exception to the above limitations occurs in the periods of 
revolution of the apse and node of the moon's orbit. These periods are not 
exactly those arising from (1) but they are the observed periods or, what 
amounts to the same thing owing to the close ^ agreement between the 
observed and calculated periods, the periods after all known causes have been 
included. The point is only of importance in terms of very long period. 

(6) All coeflBcients greater than 0''*01 in longitude, latitude and 
parallax have been obtained. Many are also given which are less than 
0''*01 whenever they have been accurately calculated. There are, in addition, 
classes of terms of short period which run in series and which in the 
aggregate will add up at certain times to much more than O'^'Ol : these have 
been found to be 0"002. 
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X INTKODUCnON 

(7) The maximum period considered is 3500 years, but as the sieve 
in Section iv. retained a few terms of longer period, these were also included 
in the general scheme. 

The methods here adopted have been constructed mainly to overcome 
the difficulties which have in the past prevented an accurate computation 
of the long period terms. They were, however, found to be equally useful 
for finding the terms which have periods of a year or less. These difficulties 
include the development of the parts of the disturbing function which 
depend on the coordinates of the earth and planet; the accurate calculation 
of the derivatives of the moon's coordinates with respect to n, the moon's 
mean motion ; the uncertainty arising from the possible omission of terms 
of long period; and the frequent appearance of small coefficients as the 
diflference of two large numbers. 

In Section L, the equations of variations for the lunar elements have 
been recomputed with the use of a semi-canonical system of elements. The 
equations for the ordinary system of elements were first given by G. W. Hill 
and independently, though at a later date, by S. Newcomb; they were 
recalculated in HilFs form by R. Radau. In the present system, errors 
arising from the slow convergence of Delaunay's series have been avoided ; 
in hct his literal expressions have only been used in small terms where 
derivatives with respect to n were required but where the maximum possible 
error could make no difference in the final results. 

In Section it. Hill's method of dividing the disturbing function into 
a sum of products in which the first factor of each product is independent 
of the lunar coordinates and the other of the planet's coordinates, is exhibited 
as part of a general theorem. 

By referring these coordinates to the true place of the sun's radius vector, 
I have obtained the first factors directly from the expansion of the inverse 
first power of the distance between the planet and the earth (1/A) and of its 
derivatives with respect to certain of the elements of the earth and planet. 
Only one expansion is therefore required for all these factors, namely, that 
of 1/A, and this has been given by Leverrier in a literal form in powers of the 
eccentricities and mutual inclination. The expansion also contains the 
coefficients in the expansion of l/A© (the value of a'/A when the eccentricities 
and inclination are zero) and its derivatives with respect to the planet's mean 
distance : the formulae for finding the coefficients and their derivatives are 
here put into forms which admit of rapid and simple computation. 

The factors containing the moon's coordinates, together with their deriva- 
tives with respect to all the lunar elements except n, are found from the 
results of my lunar theory ; a special method which I gave five years ago and 
which does not require the use of literal series in powers of 'nf/n has been 
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INTRODUCTION XI 

used to find the derivatives with respect to n. These methods for finding 
the planetary and lunar factors are set forth in Section iii. 

The only one of the diflSculties previously mentioned which has not been 
considered up to this point is the danger of omitting long-period terms with 
sensible coeflficients. In Section iv. formulae are constructed which permit 
one to find rapidly an upper limit to the magnitude of any coeflScient. By 
means of them, all terms having coefficients greater than 0''*01 and periods 
less than 3500 years have been sifted out; there are about 100 of such terms, 
excluding the terms of short period for which no sieve was required. 

Sections v., vi. consist of numerical results. It may be noted that the 
values ot Ap, Bp, ... are also required for finding the perturbations of the 
earth by the planets and of the planets by the earth, while those of Mi and 
of their derivatives (as well as the equations of variations contained in 
Section i.) are available for the computation of lunar perturbations other than 
those due to the direct action of the planets. 

No new inequalities sufficiently great to account for the observed dis- 
crepancy between theory and observation appear from the direct action of 
the planets, as shown in the tables of Section vi. Kadau's well-known list 
of terms in longitude has required considerable extension as far as the short 
period terms are concerned, and a few new long period inequalities with 
small coefficients have been computed. The more extensive developments 
of this essay have shown that some of his coefficients require alteration, but 
there is a general agreement for all those portions which he has taken into 
account. 

Only a few slight verbal changes and corrections of errors in copying have 
been made to the first five sections, with two exceptions mentioned below, 
since the award of the examiners. But I have gone over all the computations 
for finding the short period terms and the larger long period terms during 
the year that has elapsed and have made the following corrections to the 
results in Section vi.: 



Argnment 


Former coefficient 


Corrected coefficient 


l+3T-\0r+33° 


- 0"-35 


+ 0"-35 


~l-16T +187-151° 


-15"-22 


-14"-55 


i+ 292'- 267+112° 


+ 0"-117 


+ 0"-108 


2D-i + 212'-20r-87'' 


+ 0"-lll 


+ 0"-126 


21-2D + 6M-5T+21V-1 


+ 0"-040 


- 0"-038 



together with their accompanjdng short period secondaries. 

The signs of those coefficients containing h on p. 86 have been changed. 
The annual mean motion of the perigee has been altered from 2"*66* 



to 2''-69. 



* I gave this value in a paper referred to on page 3 below. 
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XU INTRODUCTION 

The values of M3 and of its derivatives with respect to n, e, k under the 
argument on page 61 have required a factor 2. This error necessitated 
slight changes in some of the coefficients whose primaries were independent 
of the lunar angles ; the largest correction was one of — 0"*019 in the coeffi- 
cient of sin (T - V). 

A wrong sign in the computation of the equations of variations (see 
Errata at the end of the volume) gave rise to a few almost insensible 
changes in certain coefficients. 

The additions are : 



Argnment 


Coefficient 


iM-2r+G3' 


-0"012 


2l~2D + i(M-T)-l 


+ 0"017 


21-2D+SM-6T+63' 


-0"019 


2l-2D + 8M-6T+QS°-l 


-0"031 



No other change or additional coefficient has been greater than O'^'OIO. 

The Addendum containing the results obtained by adding together terms 
of the same argument in Section vi. is also new. 

During the summer of last year Professor Newcomb's new work* on 
this subject was published. His methods differ so completely from those 
given here that no comparison is made easily except in a few of the final 
results where the indirect action is insensible or is separated from the direct 
action. For the large inequality due to Venus he obtains a coefficient 'of 
14"-83 while mine is 14"-55 ; a portion of the difference is probably due to 
certain terms of the second order relative to the ratios of the masses of Venus 
and of the earth to the sun which Professor Newcomb has included. On the 
other hand, he states that the possible errors arising in his method may be of 
the order of this difference, while such errors are excluded from my result. 
His results and mine for the annual mean motions of the perigee and node 
agree within D''*01, which is the limit of accuracy to which I have obtained 
these quantities. 

* ** Investigation of IneqaaJities in the Motion of the Moon produced by the Action of the 
Planets." Carnegie Institution, Publication 72, Washington, D.C., June, 1907. 



E. W. B. 



New Haven, Conn., U.S.A. 
1908 March 27. 
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GENEKAL NOTATION. 

The axes of a?, y are taken in the ecliptic of 1850*0 and the centre of mass 
of the earth and the moon is supposed to describe a fixed ellipse around the sun 
in this plane. As it is more convenient to use the motion of the centre of 
the earth than of this centre of mass, a slight well-known change, noted 
below, is necessary in the disturbing function. 

The aoda of x is parallel to the line joining the earth and the sun. 

In the scheme of notation which follows, two sets of constants are given 
for the mean distance, eccentricity and sine of half the inclination of the 
moon's orbit. The first set is that which I have used in the expressions for 
the rectangular coordinates of the moon ; the second set is that of Delaunay 
in the final form which he gives to the expressions for the longitude, latitude 
and parallax. The longitudes of a planet, of its perigee and of its node 
are as usual reckoned along the ecliptic to its node and then along the 
orbit. 





Moon 






Earth 


Planet 


True long. 


V 






V 




V" 


Mean long. 


Wi = l+g + h 






T 




P 


Mean anom. 


Wi — W2 = l 




V 


= T- 


■w' 


r=p^m" 


Mean long, of node 


w^ = h 











K' 


Mean motion 


n 






n' 




dP 
dt 


Mean distance 


a, a 






a' 




a" 


Eccentricity 


e, e 






e' 




e" 


Sine half inclin. 


k,y 











y" 


Ooors., origin earth 


X, y, «, r 










£ ^, & A 


„ „ sun 






^\ 


y\^' 


.r' 


< y'\ ^\ r' 


n = 


mean motion of the 


moon = 


dwi 
dt ' 














dw^ 




b,= 


» » 


its perigee = 


dt ' 





h= 



„ node = 



dw^ 
IT' 



BR. 
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2 GENERAL NOTATION 

Ci, c,, c, are the canonical constants complementary to Wi, Wj, w, after the 
problem of the moon's motion as disturbed by the sun, supposed to move in 
a fixed elliptic orbit, has been solved. 

jR = the disturbing function of this problem, arising from the direct 
attraction of a planet. 

The symbols for the mean longitudes of the planets are : Mercury, Q ; 
Venus*, F; Mars, M\ Jupiter, J\ Saturn, S, 

* No confusion will be oansed by the nse of the same symbol for the trae longitude of the 
moon and the mean longitude of Venus. The notation of Badau has been adopted with a few 
changes. 
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SECTION I. 

THE EQUATIONS OF VARIATIONS. 

Let Wi, Wa, w^ represent the mean longitudes of the moon, of its perigee 
and of its node, and suppose the problem of the moon as disturbed by the 
sun, has been solved. Then it is well known that if a disturbing function R 
be added to the force function of the moon's motion, the change in the latter 
due to jB can be obtained by solving the equations 

^^> dT^a^.' W'W,^^' (^ = 1,2,3), 

where 6i, 63, 63 are the mean motions of the moon, of its perigee and of its 
node, and Ci, Cg, Cj are the canonical constants corresponding to ^1,^2, w^; 
the d are functions of the arbitrary constants n, e, k of the moon's motion, 
and they also contain the constants n\ e\ depending on the sun's motion. 
The substitution of the new values of c*-, w*-, thus found, in the expressions 
for the coordinates will give the disturbed position of the moon at any 
time. 

The constant part of B, only gives constant additions to the hi, i.e., to 
the mean motions*: this part will be neglected, since it has no eflfect on 
the new terms to be found. Hence 61 = n. 

Change to the semi-canonical system w, Ca, Cj, retaining the Wi un- 
changed. Putting 

£-* 

and remembering that 

^ ^ 6x^2" dn ' dCi^ dn' dcs~ dcz ' 

* I have found these changes in an earlier paper : Trans, Amer. Math, Soc. , Vol. v. pp. 279 — 
2S4. A fresh computation just made gives 2"'69, - 1"*42, for the mean motions of the perigee 
and node respectively. The former is 0"*03 more than the value given in the paper. 

1—2 
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THE EQUATIONS OF VARIATIONS 



[sect. 



we obtain equations (1) in the semi-canonical form 

Idn 1 f dR dbfi dc^ db^ dci 

dn ' dt 



(2) 



dn _ 1 (_^R ^db^ d^^dbs dcj K 
Wa^Kdwi dn ' dt dn'di)' 



dwi_ 1 dR y 



dt 



idCi ^ dR 
^dt^^^ 



dWj 



dc,^dR 

,dt dws 

in these equations 6j, 6,, Ci are supposed to be expressed in terms of n, Cj, c, 
and jB in terms of n, Ca, Csi ^i, ^2, w's* 

Consider any periodic term of jR : 

R = n^a?A cos (qt + q') = n^a^A cos (i^Wi + i^w^ + 1,^3 + 3"^ + 3'")> 
where a is the linear constant of Hill's variational orbit and of my lunar 
theory and J. is a numerical coeflBcient (that is, its dimensions with respect 
to time, space and mass are zero) ; q''t + gr'" is a combination of the solar and 
planetary arguments. Then since qt + q' is independent of the Ci and A of 
the Wi, the first three of equations (2) become 



dbi 
dH' 



dw2 9i2 . r . fdwi , \ 



dn 

dCq 






-^- = - ian'^aM sin {qt 4- g'), 

dc 
' =s - ijn 2a"^ sin (j^ + g'). 

It will now be supposed that R contains a small factor whose square may 
be neglected. The coefficients in the right-hand members of the last set will 

Put m= — , and let Sn, Sca, Scj 
n 



then be constants and we can integrate, 
denote the increments of n, Cg, c^, due to R, 
Sn_ m 



(3) 



Then 



a« dgn' / ^ . /x 



dCa • a W ^ / J. , f\ 

ISc, 



Vwa 



a*7i' 
r,= i8m.--^cos(5^-hg'). 



Again, if we put 






j4q = — a*n 



d4 
dc,' 
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THE SEMI-CANONICAL FORM 



the other three of equations (2) become 



(dw^ n'^ a^ /..XL 



(3a) I 



Let Sbi, S62, S6s, Swi, Si^;2, St^s denote increments due to R. Then 



S6, = S« = _|.|^.^^co8(3< + 50. 



S6,= ^'Sn + ^'Sc,+ 



^62 

cJc2 dcs 



SC3 



by equations (la). 

Putting q2—-na^^, 38 = — wa^^, 

and using the last of equations (la), we find 

C.1 , s^ n . /I dbi da \ , , 

similarly, .g6. = -„'| " ^ (^ . g . ^ + q,) cob {qt + q'). 



The undisturbed values of 61, 62? ^s are of course equal to those of 

-j^, --if y -jT , respectively. To obtain Swi, Sw^, Sw^ (the increments of 

Wi, Wa, w^, it is necessary to replace Wi by Wi-\-huu and hi by 6<-hS6i in 
(3 a), to substitute for hbi the values just obtained, and then to integrate. 
These operations give 



(4) 



(^ I a? ( n' dan'* .\ . ._. ,. 
5, a? \ n' ( . Ai dbi\ n'" . [q^ , 1 dh^ dq\\ ■ , . , ,. 
^ a^ f n' ( . A^ dbs\ n^ a f9s , 1 ^^s dq\\ . , . , /v 



The equations (3), (4) constitute the solution of the problem. 
The form in which a periodic term of R arises (see Section li.) is 

ii = l^n'2aMcos(o« + g'). 
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THE EQUATIONS OF VARIATIONS 



[sect. 



Then 



It is therefore necessary to multiply the right-hand members of (3), (4) 
by m'74m'. 

Next, let 

«'= no. of seconds in the daily mean motion of the sun = 3548"'19, 

«= « » ,, „ argument qf + g'. 

q 8' 
Also, put for brevity 

/=i^r^ 206265. 

W 1^,1-;' a. ^206265. 

The coefficients of the right-hand members being thus expressed in seconds 
of arc, equations (3), (4) become 

^,= i./3/' 7 cos (?< + ?'), 



(6) 






where, to recall certain definitions. 



1 dcy 



q2 = — na^^, js = — ^wi^ 



dq 
cfc,' 



Numerical form of the equations of variations. 

It remains to be seen how these quantities may be put into numerical 

a* . . 
form. In /, /' the factor ~ is immediately obtained from Hill's results* for 

a 

the variational orbit ; m is a well known quantity ; — 7- is known as soon as 
♦ Amer. Jour. Math., Vol. i. p. 249. 
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l] NUMERICAL FORM OF THE EQUATIONS OF VARIATIONS 7 

the particular planet is chosen ; thus /, /' remain the same for a given 
planet and ///' for all planets. The coefficients Aj Ai, A^, A^ will be 
found later on, while s is known as soon as the particular term of jB has been 
chosen. 

There remain for calculation 

/tr\ ^ ^2 ^8 ^a dbq __ dfts cJfts 
dn' dn* dn* dc^' dc^" dd' dci * 

which, depending only on the orbit of the moon as attracted by the sun and 
earth, are the same for every perturbation of the moon's motion, and there- 
fore apply not only to the present investigation but also to all investigations 
where a disturbing function R is added to the moon's force function. 

Some idea of the degree of accuracy required is desirable. The largest 
known inequality is that with the argument i + 16T— 18F, which has a 
coefficient of about 15". For this i^ = 1, ij = — 1, i, = 0. The principal part 
is given by 

There is no other coefficient which is so great as 2". Since the degree of 
accuracy aimed at is 0"01, it will be sufficient to use four place logarithms 
and four significant figures for the functions (7) so that the final results 
will be accurate to at least three significant figures. But certain of the 
functions are only needed to one or two significant figures, as will appear 
immediately. 

The functions Ci, Ca, Cg are the same as Delaunay's i, — LyH —Q after 
the final transformations and the changes to his final system of arbitraries, 
n, e, 7 have been made. As my results will be used for the calculation of 
the moon functions, it will be more convenient to transfer A^, A^ to my 
constants e, k. 

Let -^ denote the derivative of a function Q with respect to n when it is 

expressed in terms of w, Cg, Cg, and (^ ) when it is expressed in terms of 

71, €^y rf. Then the following equations serve for the ti-ansformation of the 
derivatives of Q from one set to the other*: 



(8) 



dn \dn) dc^ ' \dn) dc^xdnj* 

dQ^fdQ_dQdcs^dc^ 
dc2 [d^ dCide"] ' d^' 

dc^ [_drf dc^ ' dff] ' drf' 



* The functions oonsidered here involve e, y only in the even powers. 
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THE EQUATIONS OF VARIATIONS 



[sect. 



the same equations will serve for the transformation from the set n, Cj, Cs to 
the set n, e', k^ if we replace 6", 7* by e', k', respectively. 

It is first to be noticed that 

Cj = naV ]— i + power series in tw, e*, 7", e'^, ( — j > , 

C8 = naY{-2+ „ „ „ „ }, 

c^ = rw? {1+ „ „ „ „ }, 

bi = nm* { f + V » » >» }> 

b^^nm^ {-"f+ » » » » }5 

the power series in each vcase vanishing with m. Hence when for Q in 

equations (8) is put Ci, 6, or 63, the principal part of the first term in each 

equation will have a portion independent of e', 7*, while the other terms will 

have one of these quantities as a factor. Since « = 1^, 7 = ^ approximately, 

d(jt% dc 
two significant figures will be fully sufficient for the values ^^ ;j~ > T^- ^^ ^^ 

to be noted that the second and third of equations (8) do not depend on 
derivatives with respect to n, and therefore that we may change to the variables 
e, 7 or to e, k, from Cg, c, without reference to the first equation. 

From Newcomb's transformation* of Delaunays values for L, 6?, H, 
we have 



Terms in 


C2 

na2e2 


1 (dc^\ 


Terms in 


C3 

TWV 


1 (dc,\ 
aV \dnj 


rem. 


- -60015 
+ •01686 
+ ^00644 
+ -00170 
+ -00032 


+ 1667 

- -0393 
-0215 

- 0074 

- -0020 


rem. 


-1-99704 

- 00322 
+ 00049 
+ -00005 

- -00022 


+ -6657 
+ -0075 
-•0016 
- -0002 
+ -0010 


Sum 


- -47483 


+ 0965 


Sum 


-1-99994 


+ -6724 



The remainders in the first and third columns are obtained fix)m the 
values of Ca, Cj (calculated by processes independent of the nature of con- 
vergence along powers of m) given by myself f; those in the second and 
fourth columns are estimated from them. In any case the results for 

V/T^) ' {^) ^^® correct within two per cent, and this is all the accuracy 
necessary for our purpose. 

In a similar manner the values of (-t^)> \~t^} ^^ ^^ obtained with 

♦ "Action of the Planets on the Moon/' Amer. Eph. Papers, Vol. v. Pt 3, pp. 201, 202. 
t "Theory of the Motion of the Moon," Trans. R. A, S,, Vol. Lvn. pp. 64, 66. 
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l] NUMERICAL FORM OF THE EQUATIONS OF VARIATIONS 9 

more than needful accuracy from the series in powers of m given by 
Delaunay*, Hillf, and Adams J with my numerical values §. The deri- 
vatives with respect to ^, 7^ are obtained immediately from the last named 
reference. The derivatives with respect to e^ k* can be immediately derived 

by inserting the values of -, ^ which I have also given §: the change in the 

derivatives with respect to n is insensible. 

I find the following results to four places in the logarithms, to each of 
which 10 has been added : 

(S) = + t^'*^''^^^"'' S = - [90775] na'. ^, = - [75002] «a>, 
(^)= + [71313] a«, ^ = + [6-7577] na'. g, = - [10-3039] na^ 
@) = -[8-1709]. g = -[7-3974]„. f , = - [8-7004] n. 

(f)=-H [7-5736], g = -[7-4731]n. f , = + [78692] „. 

Whence, accurately to four figures, 
g = -[8-1720]. a»g = + [8-3175], a' g = + [8-3960], 

^' = + [7-5733], a»j^' = + [8-3960], a» ^ = - [7-6698]. 

We have also 



1 



^^ = + [9-99921], m = + [8-87391], /3 = + [9-51801], 

Cb 

/= [22-29358]^', /' = [17-61748] ^-, '5 = [5-32390], 

/8 being found accurately in Section ill. From these quantities the terms 
depending on — in (4) can be found. 

Further, by substituting -4.2,-48 successively for Q in the second and third 
of equations (8), and putting e for e, and k for 7, we find 

A— .■«^ = [11-5819] ^-[8-42«)^. 

* Comptes Rendus, Vol. lxxiv. pp. 19 et iqq, 

t Acta Math., Vol vra. pp. 1—36. Annals of Math. ^ Vol. ix. pp. 31 — 41. 

t Monthly Notices, R. A. flf., Vol. xxxviii. pp. 43—49. 

§ Loc. ciU, Vol. LXiv. p. 532. 
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10 THE EQUATIONS OF VARIATIONS [SECT. 

Finally, making these various substitutions in (3), (4), the equations of 
variations become 



(9) 



- = {- 1, + 014861; - 003744^)/' - cob {qt + ^), 

TV 8 

^, = + [9-5l801]i,f'^cos(qt + q'). 

^.= + [9-51801]»./'^cos(j« + 9'); 

Swi = {(- ii + -OUSei, - 0037441,)/^ + /' yj sin (qt + q'), 

awa = {(+ -014861, - 0070664 - 008148^)/^ 

+ (- [81720] A, + [11-0999] ^ - [7-9422] ^) -^j sin (qt + q'), 
Sw» = |(- -0037441, - -0081484+ -0012101,)/^ 

+ (+ [7-5733] A^ + [10-2620] ^ - [8-2962] ^) -^'l sin (qt + q), 

where il, = ^^(^a«), 

A being expressed in terms of w, Cj, Cgj the figures enclosed in square brackets 
being, as elsewhere, logarithms with 10 added. 

These equations replace the equations of variations for hi, Sg, Sh, Ba, Be, By 
first given by G. W. Hill* and calculated also by Radauf. To reduce the 
above system to theirs it is necessary to find Scj, Bcz in terms of Bn, Be, By. 
But it is simple to comnare the first terms of Bwi, on which the principal part 
of each long-period inequality depends. Kadau finds 

Bw, = {(- 3-0676i + 'OSeOli' - •01124i")p + . ..} Psin (gf + ^), 
where ii = i + i' + i", ig^i' + i", i, = r, pP^^jSf-^. 

This reduction gives 

Bw^ = {(- •9894ii + •01476^2 - •003705^)/- + ...l sin (g^ + q'), 

which is about yj^ less than my value. But I have been unable to find the 
coeflBcient — 3'0576i in Bwi, which Radau gives : from his data I make this 
coeflBcient —3*0791 J which, reduced to my form, becomes —9964. The 

* American Eph, Papers^ Vol. ni. p. 390. 
t Loc, cit, , pp. 36, 36. 

X This apparent error seems to be due to some oonfusion in the sabstitution of the numerical 
values for n before and after the final Delaunay transformation. 
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l] VARIATION OF THE MOON's LONGITUDE 11 

diflference, '0036, is about the error to be expected owing to the slow con- 
vergence of the series from which Radau obtains his coeflBcient. It may be 
added that the value of /8, on which my coefficient of ii alone depends in this 
connection, can be determined accurately to at least seven significant figures, 
and the value for it quoted above has been again verified and tested. 



The Variation of the Moon's True Longitude, 

The coefficients in longitude are obtained by substituting the values thus 
found in 



(10) SF=S«;. + (g-l)8«,. 



the first term of which contains the primary inequalities, and the remaining 
terms the accompanying secondary inequalities. 

The largest coefficient in V — that of sinZ — produces a maximum 

dV 
coefficient in SF through -^.Scj, less than 1"; the coefficient of sin Z in 

V is 22640". It has therefore been necessary, in order to include all 
coefficients greater than 0"005, to find those terms in V having the factor 
eP which have coefficients greater than IOC', or, if p = 0, to 400". 

From my results I obtain 

F= «^i + [9-0405] sin I + [8-3470] sin (2D - 

+ [6-9688] sin (2D + + [6*2703] sin (4D - 
+ [8-0603] sin 2D + [7-5715] sin 21 

+ [70112] sin (2D - 21) + [6-1738] sin (4D - 21) 

- [7-3001] sin 2F + [6*4273] sin (2D - 2F) - [6-7818] sin D 

- [6-7262] sin (l + + [7*0000] sin (2D - Z - P) + [6-8555] sin (I - 1') 

- [6-3398] sin (I + 2F) + [6-2826] sin (Z - 2F) 

+ [6-2434] sin 31 + [5 8060] sin (2D - 30 

- [7-5110] sin I' + [6-9040] sin (2D - V), 

the coefficients being expressed in radians and the notation for the arguments 
being that of Delaunay. From these results the derivatives with respect to 
Wi are immediately obtainable with 

D = Wi — earth's mean longitude, 
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THE EQUATIONS OF VARIATIONS 



[sect. 



dV 

For -J- the results of Delaunay might be used, but it will be shown 

dV 
immediately that -r- Sn contributes nothing sensible to BV — a result 

probably of the use of the system n, Ca, Cs instead of n, e, y. The derivative 
has however been found for the largest terms in order to show this fact. 
The derivatives with respect to Ca, c^ are obtained from my results with the 
help of equations (8). They give 

n ^ = + [8-0465] sin I - [84669] sin (2D - - [7*2833] sin (2D + 1) 

- [8-3965] sin 2D + [6-8784] sin 21 - [7-1761] sin (2D - 21) 

-[6-8271] sin 2F, 
dV 
na^^^- [11-5828] sin I - [10-8895] sin (2D - i) - [9*5959] sin (2D + 1) 

- [100018] sin 2D - [10-4147] sin 21 - [9-8546] sin (2D - 21), 

dV 
na^ ^=[9-6959] sin 2F. 

The latitude and parallax are treated in a similar manner. 



Abbreviation of the Formulae for hV, 

lu the actual applications to the calculation of the direct inequalities 
much abbreviation of these formulae is possible. For example, in the large 
class which has its arguments independent of the lunar angles, i^ s t, = i, = 0, 
and therefore Sn = Sca = Scj = 0. The maximum values of the remaining 
coefficients are 



. dV ^ \ 



« de 5 ' 
dV 1 



in 



s dk 10 ' 
dw,' 250" 



in 



dw,' 9' 
Hence, to the accuracy desired, we can put 

Sw, = /' — ' sin {ql + g-'), Sw, = [1 1 -0999] ^ -^ sin {qt + ?'), 
8 cte 8 

dA f 

iw^ = [10-2620] ^ ^-j sin {qt + 9'). 

When ii, ij, i^ are not all zero, it is still possible to limit the formulae 
very materially after Swj has been found, owing to the limitations on the 
magnitude of the coefficients in hwi and F. 

For this purpose we note that, for the greatest coefficients. 



dV 



dn 

dV 
dwi 



30' 



wa" 



dV 



-1 



<r 



dct 
dV\ 



<40, 
1 



dwj^9' 



na* 


dV 
dc. 


d] 

d^ 




< 



1 

<2' 



250" 
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l] ABBREVIATION OF THE FORMULAE FOR SV 13 

Put X, = - <i + -01486^2 - -003744^, 

•^' = [5-32390]. 
— = [5-3239] Ca cos (qt + <f), 
Then (11) i% = [4-8419] ^*,co8(9« + 3'), 

^, = [4-8419] ^ t, cos {qt + ^O- 

Also, if Xa = •01486^1 - '007066^, - •008148i„ 

\, = - -00374411 - 0081 48^ + 0012101*8, 
dA . , . dA . . 

the equations for Sw^ become 

Sw, = |- [3-4959] ^ . 4:' + [^'3842] ^ j, 

~ [4-6150] ^/, + ^|0sin(g^ + 5'), 
Sw, = {+ [2-8972] ^ . ^^ + [5-9349] ^J, 

- [4-5805] ^ ja + M Csin (j^ + q'). 
Now (7<15", '^^ = 0^.^^<0''l, -^<1, \^2. 
Hence ^<5000", (7s< 10000''. 

Ai 

Therefore if the limits of the coefficients to be considered be 0"-003, 

-^ Sn and the parts contributed by the first and third terms of Swg and 

Sws are insensible ; as a matter of fact no one of these parts is so great as 
0"-001. Hence we obtain the final form of the equations of variations given 
on the next page. It is necessary to remember that, although the derivatives 
with respect to Cj, Cg have been transformed into derivatives with respect to 
e, k, the derivative with respect to n is to be taken on the assumption that 
the coefficients are expressed in terms of n, Ca, Cj. 
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where 



THE EQUATIONS OP VABIATIONS [SECT. 

Final form of tiie ahbreviated Equations of Variationa. 

' Swi = (\ -^ +'^) sin (qt + q') 

= C (l + [5-3239]i- . ^») sin (qt + 3'), 

Sw, = |[7-3840] i- ;, + ^l Cain (qt + ?'), 

^,= {[4-8419]^t,c}co8(g< + g'), 

Sw. = |[6-9349] A j, + M Bin (g« + q), 

^, = {[4-8419] |- »,0j cos (9< + ^), 

iJ = ^ ^ »' »a»^ cos (qt + q). 
4 m \a i /' 



(12) 



\, = - i, + 014861, - 003744^, 
X, = + -0148611 - -007066*, - -008148^, 
\, = _ 0037441, - •008148*, + 001210^, 
ii,ii,ii are the coefficients of w,, w,, Wt'va qt-\- <(, 



^-sr»<^»''. 



dA . . , dA . . 



de -^^ ' ^ dk 

One or two particular cases of frequent occurrence may be mentioned. 

fA 
In all cases G^\{^— . For multiples of the arguments given, divide the 

second term in ^^ by the multiple. The argument is the moon portion of 
qf, + 3 . The omitted terms are either zero or negligible. 

Arg, 0. Here ii = i, = i, = 0. 

fA 
Swi ='^- — - sin (qt + q), 

8 

&»,= [110999] -i-^Sw,, 
S«;,= [10-2621] i-^Sw,. 

Sw, = jl _ [5-3175] « ^' • C sin (qt + q'). 

gw, = {- [7-3776] 8 - 02161} C sin (3« + q'), 

^ = [4-8355] Oa cos (3« + ?'), 

Sw, = - [6-9285] ;, Cs sin (g« + 5') (for the latitude only). 
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l] FINAL FORM OF THE ABBREVIATED EQUATIONS OF VARIATIONS 15 

Arg. 2D -l = Wi + w,-2T. 

««;,= jl - [5-3304] a ^1 (7sin (g< + g'). 
Swj = - [7-3905] aC sin (qt + q'), 



i^^ = _ [4-8484] aC cos (qt + ^). 
Arg. 2Z - 2D = - 2«;, + 2T. 

8w, = jl - [6-8505] « ^l sin (g« + ?'). 
Sw, = {- [9-2119] 8 - -4763} Cain (qt + q'), 
^ = [6-6698] aC cos (qt + g'). 

There is quite an extensive class of terms containing this argument in 
which Swi is insensible. For these we can put 



Sw, = [5-7642] ^ . 4 sin (g« + j'), 

^ = -[3-2221]-(.^cos(g« + ?'). 

The great majority of terms in ii to be considered contain powers of the 

lunar eccentricity as a factor and the principal terms in the moon's true 

longitude have the same property. In nearly all such cases it is permissible 

to neglect higher powers of the lunar eccentricity and inclination. When 

dV 
these two conditions are satisfied it is not necessary to find Scg, -r- . For 

then ja = 1 4 1 and the ratio of the first term of the coeflScient in Swg to 

dV dV 
that of 8ca is the same as the ratio of the coeflScients in e -j- , ^ — . This 

ae dw^ 

arises from the fact that hv^ depends mainly on e -r- , while hc^ depends on 

-= — . If then 
dw^ 

Swa == Q sin (law;, + '^\ F= Q' sin {i^w^ + i/r'), 
where y^^ ^' are independent of Wai and ig, i^ have the same sign, 

^ 8m;, + ^ Sc = Oet,' sin {(t, - 1,') w, + 1 - V''}. 

It is to be noted that Q is here the first term in the coefficient of hw^. 

An exactly similar theorem holds with reference to c, w^ and the terms 
which contain powers of k as a factor. 
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SECTION II. 

THE TRANSFORMATION OF THE DISTURBING FUNCTION. 

It is well known that the disturbing function for the direct eflfect is R, 
where 

R^^ 1 x^ + yv+z^ 

In order to take into account the motion of the earth round its centre of 

a 
mass, the terms containing — are as usual to be multiplied by the ratio of 

the difference and sum of the masses of the earth and moon, 
then, by Taylor's theorem, 

_ 1 x^+yv+zt ri /ay ii 

"A"*" A» L|2\9Q/ ■■JA' 

Since R will enter only through its derivatives with respect to the lunar 
elements which are not present in A, we obtain 



(»)#-[|(|)--|(ay-"]i 



The separation of the terms of jB into sums of products, one factor 
involving the lunar coordinates and the other the planet's coordinates, 
suggested by Hill* and adopted by Radauf, is implicitly used here, and the 
division is the same in principle, but it will take a different form with the 
use of complex coordinates, and the method of separation is made on a 
general plan which can be applied to terms of any order in R, 

* Amer, Eph, PaperSf Vol. in. 

+ An7i. de VObs. de Paris (M6m.), Vol. xxi., 1892. 
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SECT. II] SEPARATION INTO SUMS OF PRODUCTS 17 

Put a!+yV^ = u, f + »/V^=Ui, 

x—yZ-l^s, i — v ^— 1 = 81 ; 
then A' = UiS, + ?*, r" = us + z*, 

d _ d d d 

And since 1/A is a solution of Laplace's equation with respect to f, ij, f, 

d^ A \d^ "^ a.j»/ A 30x381 A • 

Hence, omitting 1/A for the sake of brevity, 



1/3V 1/ 3V,1/ 3\' 3' 

2l3Q)=2("3-^j+2l'3^)+"'3ii:3s, 

+ 2^(3?j+^3?("3ir/«3^j 
= real part of (r»-3^)g-;5^ + u'(g^J + 2.u ^. 



-ZlX' 



(3 \** 
^1 and replace 

/ g \ am ^ ga \ w 

y ^n-^BMi;) and us by ^-^>. 

I now give a method for replacing the derivatives with respect to the 
coordinates, by derivatives with respect to a\ T (the earth's mean longitude), 
h'\y\ In this way it is possible to make use of Leverrier*s expansion* of 
1/A in terms of the elliptic elements of two planets to the seventh order 
inclusive with respect to their eccentricities and their mutual inclination. 

Expressing the coordinates in polar coordinates, we have 

t = - / + (1 - y'O /' cos ( V' - F') + 7"V" cos ( F" + F' - 2^), 
(15) - '»? = (1 - 7''^) r" sin ( F'' - FO - yV' sin ( F" + F' - 2A"), 

X = 27" Vr^'^/' sin ( F" - r ). 
Whence A* = r"« - r « - 2r f , 

Ui = -r'+(l-7"«)exp.(F''- F')V^ 

+ y^/' exp. (- r' - F + 2A'0 V^ 
the expression for Si being obtained by changing the sign of V— 1. 



* See below. 
BB. 
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THE TRANSFORMATION OF THE DISTURBING FUNCTION 



[sect. 



From these results we obtain 
3/ 3ui 3si * 



V^l,4, = (».+r')j4--(^+/)|-. 



the notation -^ , ^ being introduced for a few pages for brevity. 
Let F denote a function of f and of the product UiSj only. Then 
(16a) 






3w 3ui ' 



(17) 
Hence 



(aiji--''. mi-'-'- 



3» 



3v3w 



i = [('•'^')'+ (e-F)'] ^ = 1^ (- '2^' 3^ • i) 



= 4^'" 



a» 



9ui9si ' A ' 



a-)^ 4 = (a4-)(-^''l. • i)-^'' (^- ■)(! 4) 



= 4r'» 



3" 1 



Similarly, 



Uv vav 9w • A '' -^auiasi'A' 

and the general law is evident. The derivatives with respect to Uj, s^ are 
thus expressed in terms of derivatives with respect to r, V, when for 

^ , s— have been substituted their values (16). 

Next, 
A» = r'> + r"» - 2rV" (1 - 7"") cos {V"-V')- 2ry '7'" cos ( V" +V'- 2h") 
= r'« + /'» - 2rV' cos ir"-V') + 4rVV'» sin ( 7" - h") sin ( F' - h"). 

/a 1 8 ^ 1 _ 2 (1 - 7"') r'r" sin ( F" - h") cos ( F - A") 
Hence |^gp., + g^,,, . g^„ j ^ ^^5 , 

, „,, a 1_ 2(l-7"')rV'sin(F^'-r)8in(F-fe'0 
^^ "^ •'37"»A~ A» • 
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II] EXPRESSION BY DERIVATIVES OF 1/A 19 

Therefore 

2 (1 - 7"') rV sin ( V" - h") exp. - V^ ( V - h") 
~ A» 

This gives 

95" ' A A' Vl - 7"" ^' 

lar'^V^^' ^97"»j A* 

(As (f/A' is real, we incidentally have the relation 

[sin(7'-r).(^4.4-2^,J,)-cos(F'-r)(l-7"')^,]^ = 0, 

and the sign of the V— 1 may be changed.) 

Since f/A' involves iii, Si in their product only, the formulae (16a) are 
available; and as 

8 exp. yri (r - r ) ^^ exp. + v^ (r - r) /a ,\ j, 

3v r' / \3v ) * 

8 exp.v^(F~r) j,^ exp. + v:ri(r ■■A^^) a ^ 

3w r r' 9w 

we obtain, by substitution of the various results, 

(18) Ji.^,[(^-3^,j^^„.|.(^-2) 



2—2 
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20 THE TRANSFORMATION OF THE DISTURBING FUNCTION [SECT, 

The derivatives with respect to v, w are easily expressed in terms of deriva- 
tives with respect to the elements by means of the well known formulae 

where T is the mean longitude of the earth and where it is supposed that the 
angles referring to the earth are expressed in terms of T, V. Also, Leverrier*s 

development depends on a = — , where Oi is the mean distance of the inner 

planet, Oj that of the outer. Hence if we put 

da 
we have, since -r- is a homogeneous function of degree — 1 with respect to 
a , a f 

?i ?) 

ai = a", 02= a\ r' ^-, = -a-^ 1= - D— 1 for inner planets, 

or ocL 

Oi = a , Oa = a", r' ;r-, = a-^ =2) for outer planets. 

or ooL 

The planet portions of the disturbing function are therefore expressed in 
terms of derivatives of 1/A with respect to a, T, A", 7"^ — the quantities present 
explicitly in Leverrier's development. 

Each term in the development of i2 consists of two main parts together with 
a constant factor. The first part is a function of the moon's coordinates alone 

(with which will be combined the factors —^, —^, e^^'^'^"^ ~^\ ; the second 

part consists of the derivatives of 1/A which is a function of the earth's 
and of the planet's elements only. Let 6 denote an angle present in 
the first part, </> an angle present in the second part, that is, in 1/A, so that 
^ ± <^ is the argument of a term in R which is under consideration. Put 
j for V— 1, and* 

i7'2 r2 — Sir* 

r a 

^' . ^[ = i {M, + M,) ei» + i (if, - M,) e-^ = M, cos 6 +jM, sin 6, 
r a 

T ^2^^ = M.e^of = M, cos e +jM, sin 6. 

r a 

These functions are calculated once for all and serve for all the planets. 

* The exponent always attached here to the exponential e prevents any confusion with the 
same symbol used to represent the lunar eccentricity as defined by Delaunay. 
t Owing to the absence of V from z, u, /, the part e~^^ is not present here. 
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Il] FORMULAE FOR THE PRINCIPAL TERMS 21 

For the second pai-t put* 

^ = P cos </) = P cos (iT+ 2iji" + </)'), 
where </> is independent of T, h!\ Also for inner planets 

P, cos 4> +jP, sin ^ = - (jD + 1 +j ^,) 

so that 

Px = [(2) + l)«-i»]P. 

■P» = i[(-D + l)(^ + 3) + i»]P = iPx + (l> + 2)P + (i»-l)P, 

P, = (2) + 2)tP, 

P,+P. = (D + i-t)| i+^^+(i-y'«)^^|p, 

P,-P. = (D + l+i)|-t-4i + (l-7"')3|^|^. 
The first line of R, which consists of those terms in (18) which have the 
factor j-p-^ , becomes with these substitutions, after inserting the unit factorf 



(19) Ri^^ n'^'a' hr,P, + M,P, + M^Ps 

--^^=if,(i^4±P5)]cos(d±^), 

either all the upper signs or all the lower signs being taken according as it 
is convenient to use the sum or diflference of the angles 0, </>. It will be 
noticed that the Pp contain the divisor a which will cancel the a' outside 
the parentheses ; otherwise they contain a', a'' only in the form a/a^' = a. 

* The letter i has also been nsed elsewhere in a different connection ; bat no confusion need 
ocenr. 

t The denominator is properly the sum of the masses of the earth, moon and sun ; but the 
difference is insensible. 
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22 THE TRANSFORMATION OF THE DISTURBING FUNCTION [SECT. 

For exterior planets the same formulae hold if (1) we substitute — D — 1 
for 2), (2) replace the factor a by aa'\ since Leverrier's formulae are then to 

be expressed in the form —r, func. (a). 

Cb 

a 
For the second part of R, which involves the factor — and which will be 
^ a 

denoted by iJj, put for the moon portions, 

o » a 

\ • ^-^^. (^ - M = -^lo** = ^10 (cos +j sin 0), 

f a 

—^ . -^-^ 1 = Mi2e^ = Jfia (cos d + j sin 0), 

V a 

and for the planet portions, in the case of the inner planets, 
P. cos ^ - jP, sin <^ = (g^ - 2) g^ . P cos <^ 

(i)+3+jgy,)[(i) + l)»-i']Pco8f 

P,cos<^-iP.sin^ = (|^-4)(^-2)g^Pcos<^ 

(Z)+l+ig|^)Pcos<^, 

(7) \ ^ 

P„ cos + jP„ sin <^ =i (9^ - 2 j g^ 
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II] FORMULAE FOB THE PARALLACTIC TERMS 23 

SO that 

P,±P7 {iD+iy-{*}(D+S±i)P, 

Ps = -(^ + 6D + 5 + 3i»)(D+3)P, 
P, = - (3i)» + 18D + 23 + i») iP, 
A. ± Pu {(D + 3) (D + 1) - 1» T 2tl |(1 - 7'") g4; + (i + ;^.)| P, 

P..±P« = -{(i>+3)(i) + l)+i'T2t-(i)+2)}|(l-7"')3|^.(i+^,)|P 
Then 

(20) iJ. = :^ ^' . «'>a' * a' rilf,P. T J/,P, + M,P, T M,P, 

- ^-!L_ {Jlf,o (Pxo ± Pn) + J/i. (Pi2 ± Pis)}] COS {0 ± ^). 

The changes for outer planets are the same as in the case of R^, 

The moon coordinate u is referred to the true place of the sun. As my 
results will be used to calculate the functions of u, s, z, and as these results 
are referred to the mean place of the sun, it is necessary to replace u by 
Uoe""-^^^'"-^^ where u© is the same as the u of my Lunar Theory. 

The formulae for Mp and Pp are collected and slightly altered in form at 
the end of this Section. In appearance they are somewhat complicated, but 
they are easy and rapid for numerical calculation. For example, the eflfect 
of the first factor in P4, P5, P^, Pu, P^, P^ on the expansion of 1/A is 
seen at a glance ; it is shown below that where Pi has not been tabulated it 
is rapidly found from a general formula ; and the eflfect of D on P or Pj 
requires nothing more than the replacing of jBT^ by (p + 1) Kp^i -^-pKp. The 
great majority of terms involve only P^ Pa, Pa, while the functions 
Pj, Py, ... are required only for the very few sensible terms which have 

the factor — . 
a 

In the above development it is assumed that the elliptic values of f, 7;, f 
are used. If the eflfect of their perturbations is to be included, the new part 
SjB of jB can be found by operating on its value (14) with 

where Sf , Si;, Sf are the disturbed values (supposed known) of f , 1;, f. 

Similarly, a?, y, z represent the coordinates of the moon as disturbed by a 
sun moving in a fixed elliptic orbit. If hx, hy, hz are the perturbations 
produced in a?, y, z by the value of R in (18), we can include the eflfect of 
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24 THE TRANSFORMATION OF THE DISTURBING FUNCTION [SECT. 

these additions to x, y, z (perturbations of the second order relatively to the 
masses) by a further disturbing function 

but then the w^, Ci must be newly defined, that is, they require slight 
additions — probably insensible — in the equations of variations. 

There is no difficulty in the calculation of these two new functions. 
They are obtained easily by the method given above. It will be found that 
Sii, for the first term of i2, involves the functions Pe> •••, -Pu instead of 
-Pi, ..., -Ps, while the expaneiion of S'22, which involves changes in the 
Mp only, is so simple that its value is obtained immediately. 

The formulae to be used are collected below. 

The Fwactions M^y Jfj, .... 

a'' 
M^ = coef. of e^ in -7^ . 



r' 



\ (M, ± M,) = coef. of e^' in ^' e^^ <^'-^) . ^' , 
M, = coef. of e^^ in ^' e^ <^-* "> . ^ , 

i {M, ± M,) = coef. of e^' in ^' e^^ <^-^) . "o(^-3^') ^ 

7* a 

\ (M, ± M») = coef. of e±>» in ^' e=F^('^-J') . HlL , 

ifio = coef. of e^^ in ^' e^ (^'-*") . ^^(^7^) , 
r' a' 

2/„ = coef. of e^ in ^' 6"^* (F'+r-»r) . ^' . 
r' a' 

The Functions Pi, Pg, .... 

i = 2Pco8^ = SPco8(iT+2iiA''+f), ^ = «^- 

Inner Planets. 

P, = ii', +(i) + 2)i' + (i^-l)P, 
P, = i{D + 2)P, 

-Pe±A = -(^±3i + 7)A-4(l±i)(2 + i)(i)±t+l)P, 
A.±/'n = -[(l-y")g4i±(i + ^)][/>, + 2Z>2' + (2 + 2i)i>], 
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Il] COLLECTION OF FORMULAE TO BE USED 25 

Outer Planets. 

P, = ^Pi-DP + i''P, 
P, = -i{D-l)P, 

P,±P, = -(0±i){{l-y'-)^,±(i + ^^] P, 

P,±Pr = {B-2+i)P„ 

P,±Pt = (D + Si-6)Pi + i{l±t){2±i){I} + i)P, 

i',.±i'u=[(l-y"')g^±(*-+^)][-A + 2i>P±2ti>], 

-P,, ± i^u = - [(1 - /") 3^ ± (t + ^)] [A + (± 2i - 2) i)P + (2i» + 2t) P]. 

The Disturbing Function is iJ, + i2, where JJ, has the value given by (19) 
on p. 21 and i2, the value given by (20) on p. 23. 

Owing to the fact that M^ is nearly equal to ± ilf s and P, to 7 Ps in most 
cases, the portion Jlf,P, + Jlf,Ps of iJ, was usually put into the form 

for computation ; the degree of accuracy of the tables in Section V. was then 
always sufficient 



Digitized by 



Google 



SECTION III. 

DEVELOPMENT OF THE DISTURBING FUNCTION. 

Leverrier's Expansion of -r-. 

LeverRIER* expands in powers of the eccentricities of the two planets and 
the square of the mutual inclination of their orbits. The arguments are their ■• 
mean motions, the longitudes of their perigees measured along the fixed plane 
(ecliptic at a given date) to the nodes, then along the orbits, and the longi- 
tudes of the nodes. As one of the planets in the present investigation is 
taken to be the earth, and the fixed plane the ecliptic, supposed immovable, 
Leverrier's arguments become in the present notation, for an inner planet, 
t = t' = A", r = T, fl> = T-f', 

(Leverrier denotes the mean longitude of the earth by Z'; I use this letter 
for the mean anomaly.) 

For the coefficients I use the same notation with the exception of i;, 
which I denote by y\ For an outer planet the accents (except in the case 
of A", 7") interchange. 

Put V = 1-f a« - 2acos(r- P), 

then with Leverrier, using % to denote summation for integral values of i 
from +00 to — 00 , 1 put 

^ =K2il<*'>cosi(T-P), 

^3=KS£<*>cosi(T-P), 

^, =K20<»-)cosi(r-P), 

^ = ia'Si) «' COS ^(r-P), 

* Annales de VObs. de Paris, Vol. i. The terms of the eighth order have been computed by 
Boquet, ib. Vol. xix. 
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and* ^ = ia'23 <''' cos i (T - P), 






or, in general, 



#-1 



^ = KSA<*''cosi(2'-P). 



(21) 



If ir<*> be any one of these coefficients, put 

Then, when the functions A,^^*^ have been calculated, we have all the 
materials for obtaining the functions Pp. 

Leverrier, besides the notation just given, uses certain functions of 
A, -B, ..., in the development. The notation adopted here is the same as 
his. It is 

i(») = f ((7(»-2) + (7«)), 

Of these, it has been rarely necessary to use any but J?<*>, i<*>, G^^K 

As powers of the A^^\ B^^ do not occur in any of the formulae which will 
be used, the brackets round the i in the index will be omitted. For brevity 
we shall put 

and when the index i can be omitted in any equation without causing 
confusion, it will be dropped. 

The coefficients in Leverrier's expansion of 1/A are all functions of 
^'i ^'\ ^" and the ^p, jBp, .... The method outlined here for deriving all the 
planet functions from this one expansion does not necessarily give the shortest 
algebraical expressions for the coefficients, but for numerical computation, 
which is the principal end in view, these expressions have this advantage — 
that they require very little use of logarithm tables. The calculations consist 
mainly of additions, subtractions and multiplications by integers less than 
100, and the functions are read straight from Leverrier s expansion. Moreover, 

* The reversed letters 3, "^ are used to distinguish from other functions defined on this page ; 
Leverrier does not need the two last expansions. 
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DEVELOPMENT OF THE DISTURBING FUNCTION 



[sect. 



it is possible to see almost immediately when the terms in a given coefficient 
become insensible. For example, in the case of the great inequality due to 
Venus, argument ^ + 167— 18F, the principal term has the factor 7''* and 
argument 1+ 167— 18 F- 2A", and the terms of order 7"^ are just sensible. 
The following table of the coefficients actually calculated shows immediately 
where the calculations can be stopped. The first column gives the order 
of the particular portion of the coefficient, and the remaining columns the 
parts of this order, contributed by P,, ^(Pi + Pz), ^(-^2 — -Ps), respectively. 

Argument Z+ 167- 18F- 2^. 



Order 


i". 


2 


2 


y"' 


-15"-89 


- 1"-28* 


+ 1"-19* 


y"* 


+ 1-65 


+ -17 


- 09 


y'" 


- 11 


- 01 


•00 


y" 


+ 01 






e"/" 


+ -27 


•00 


- 01 


e"»y'« 


+ -12 


+ 01 


- -01 


e'*y'> 


- -00 






e'»e"»y"« 


- 01 






Sums 


- 13-96 


- Ill 


+ 1-08 



All of these were fully calculated with the exception of that of order 7"^, 
which a brief examination showed to be between — 0"'005 and — 0"*015 ; 
the terms of orders e'*7"*, e"*7"*, and a portion from the third term of R are 
of about the same size, but they were not calculated. I believe the result, 
— 13"'99, and the values for the other terms of this period, are accurate to 
within 0"*05; the additional computations necessary to obtain the final 
coefficient within 0"*005 are not very long, but in view of the uncertainty 
in the mass of Venus, which is doubtful within one per cent., and of the 
length of the period of the term, the present results are fully sufficient. 

Gaiculation of the Ftmctions y8»,i>^*^. 

The known methods used for this purpose f have been modified in order 
to avoid the want of symmetry which makes them troublesome, and the 
considerable loss of accuracy which occurs for large values of i. The point 
to be considered in this connection is not the number of places of decimals 
but the number of significant figures, and the methods used here have been 

* In the original essay these portions were given to be -l"-90, +1"'16, respectively, 
owing to a numerical error. 

t See Tisserand, Mic. C€l,, Vol. i. Chap. 17 ; and Leverrier, loc, cit. 
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adopted, partly to obtain the same number of significant figures for every 
coefficient, partly to avoid numerous multiplications by incommensurable 
numbers (involving the use of logarithms) and partly to obtain easy checks 
on the results, so that there shall be no doubt about the numerical accuracy 
of the tables giving the functions /8,,p<*^ It is true that functions for values 
of i not afterwards needed have been found, but I believe that the gain in 
accuracy more than counterbalances this defect. The sieve has shown the 
maximum value of i which is likely to be required in the case of each planet, 
and the tables have been formed up to this maximum value of i. The 
advantage of the present methods has been obtained mainly by the use 

of the operator [cf--^] in preference to ^^''fj-J • 
We have the well known formula* 

1^ (2t + l)(2t-h3) 1 

■^2.4'(2i + 2)(2i + 4) '^'"j* 

it being remembered that for i = 0, the factor outside the square brackets 
is 2. In the case of Venus and Mars a^ is not far from '5 and the convergence 
is very slow. The plan adopted consisted in finding each coefficient to seven 
significant figures with seven place tables, so that the results might be trusted 
to six significant figures : this involved the calculation of the portion inside 
the bracket to seven places of decimals f. 

A more rapidly convergent series can be obtained, especially for large 
values of i. Expand in powers of a^ 

. = 6o + &i + &2 + ... = l+ia2 + fa* + ... 



vr 



a' 



and put , - 6o - 6i - ... - 6i-i = a^, =^o> 

V 1 - a^ V 1 - a* 

1.3...(2i-l) 1 

2.4... 2i '2i + 2""**" 

Then an easy transformation gives 

(23) A^ = 2a* [(2i + 2) qij,,a, - g^+iOi - qi^,a^ -...]. 

A table of the values of a* was formed and also one of the logarithms 
of the qi', the latter are rapidly obtained by making a table for (2i— l)/2i 
and then one for (2i + 2)g< and finally one for qi. In this way any coefficient 
A^ can be easily and securely found. 

* Tisserand, loc. cit. 

t The phrase * degree of accuracy ' used in this section refers to the number of significant 
figures in the results and not to the number of places of decimals. 
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We have the relation* 

.. 2t-2 .. , 2t-3 .^ 1 . 

which is ordinarily used to find A^ when J.*""\ il*"* are known. But it is 
better to start from (23) with the highest value of i required and use the 
relation in the form 

i^A.\ Ai 2i + 2 .... 2i + 3.... 

<2*> ^*=2rn[^^^^-2m^''- 

The loss of accuracy is much less, and it diminishes with i\ in the case of 
Venus the loss amounts to about one significant figure after six successive 
applications. For Venus, the values of A^ were found from (23) for i = 43, 
42, 41 ; 30, 29, 28 ; 20, 19, 18 ; 10, 9, 8 ; 2, 1, 0; each triplet was tested by 
(24) and the intermediate values found from the same formula. An in- 
dependent test is obtained by forming the successive first, second, . . . diflferences 
of log J.* which rapidly become constant when i is greater than about ten. 
This fact was used to correct the intermediate values where necessary. For 
Mars, a is a little smaller and the loss of accuracy less ; but it was found 
more rapidf to calculate for i = 30, 28, 26,... 2, from (23) and to find the 
odd values from (24) with i an even number (since e > 1), testing with i odd. 
For the other planets it was suflScient to find the highest values from (22) 
and follow down with (24) to i = 0, which was computed from (22) as a test. 

For the Bf' we have (Tisserand, loc* dt) 

(25) J ^{l-af 

from which any pair of values of the 5* may be computed ; there is however 
a loss of accuracy. But we have (Tisserand, loc, dt) a formula which may 
be written 

(26) J?^-i = 2tA» + J?^+^ 

and which enables us to calculate the 5*. with great rapidity, without any 
loss as soon as the two highest values of B^ have been found ; moreover the 
loss in the latter disappears affcer the first step and the succeeding 5*""^ 
have the same degree of accuracy as the corresponding A\ For security, 
the J?* were calculated from (25) affcer each ten steps, and several were 
tested by the formula (Tisserand, loc, dt) 

p. 2i-2 ^^^ 2i-l ^_, 

^ = 2l^^^^-2i:::3^"'- 

* See Tisserand, M€c. C4hy Vol. i. Chap. 17. Tisserand gives the formulae for 

Ai, Bija, 0*1 a^ .... 
t The calculations for Venus had been completed before Mars was undertaken. 
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The greatest advantage of (26) however is the rapidity with which the 
calculations are performed by means of it, for it does not require the use 
of logarithms. 

Special values of the remaining functions 0*, D*,... were obtained from 
the formula (to be proved later on) 

(27) A.* = ^.J,;3.,<4,i^^^/.-e' = i-a. e^Ua. 

which involves no loss of accuracy, combined with 

(28) c:=r'A'+C' 

for the intermediate values. ' 

(It is interesting to notice that (27) gives 

but no use was found for this formula.) 

The fig^p^ have now to be obtained. There are two problems to be 
considered : the first is where a table is to be made for all values of i up 
to some definite place (30 in the case of Venus* and Mars, 8 for Mercury 
and 6 for Jupiter). We require here a formula for special values of i, and 
when the coefficients for the two highest values have been found, the 
remainder are obtained from the obvious generalization of (28): 



(29) is;-;. =i/s../+^; 






This method does not give the values for « = J; the formula for special 
values of i is required throughout. The second problem arises when so few 
values of i are needed that it is not worth while to make a full table. Hence 
we require to develope formulae from which the )8,,/ can be obtained for 
special values of i, it being understood that the tables are always formed with 
the assistance of (29). 

In the following, the index is generally omitted, since it is the same 
in all the formulae now to be obtained. 

Remembering that 

Ao-' = {1 - 2a cos (T - P) + a^} -I = Ja'a-<*-i) 2/8/ cos i {T - P), 

we easily obtain, if for a moment we put ^«a"*+* = 6,, 

Dbg = s (1 - a') 6«+i - s6a, 
L^bg = 4s2a»6,+i + %%, 
(i) + 2s)26, = 4s»6,+a + i«6,; 

* Except for ii, £, which were required to i=43. 



Digitized by 



Google 



32 , DEVELOPMENT OF THE DISTURBING FUNCTION [SECT, 

whence 

(30) \il)-s + i)'A = 4a'a/S^. + i»/S„ 

|^(i) + « + i)»/S. = ^^.+. + i«/S., 
giving 

(31) Lffi, = 48»aA+, + 2 (« - i) Dfi, + fi^ - (» - J)"} /3„ 

(32) (i) + l)»^, = 2»(»6 + iO/3.+i + (i"'-«' + i)y8.. 
By definition, 

= li)(i)-l)(i)-2)...(i)-i, + l)/3.. 

whence, if A; be any number independent of a, 

(33) (i> + A;)/S.., = (p + l)i8,.p+. + (p + A:)/S..„ 

(34) (D + A:)>i8.,p - (p + l)(p + 2) A.,+, 

+ (j) + l)(2p + 2*+l)A.p+. + (p + A;)»A.p. 
Again, from (30), 

(35) {D-8 + i)»^..p = 1 D (i) - 1) . . . (i) - p + l)(48»a/3.„ + i^/S.) 

= i^a (A+i,p + A+,.p_.) + i»/S,.p. 
Combining this with (34), after putting A; = — » + ^, we find 

(36) p(p + l) fi.,p+x = ^a (S,+i,p-. + A+..P-,) - p (2p - 2«) A.P 

+ {t''-(p-»-i)'}A.p-.. 

The material contained in these equations is sufficient to find all the 
^,,j, rapidly, when the /3, are known. 
We have, in fact. 



2^= olB,- il, +t»il„ 

25, = 9a(7,+ -B, + (t>-l)5„ 

2(7, = 25ai>. + 3(7, + (t' - 4) (7„ 

6^= a(5, + 5,)-6^ + (t'-l).4., 

65, = 9a {0, + C.) - 25, + i»£, , 

6(7, = 25a (A + A) + 2(7, + (i' - 1) C, 

12^4 = « (5, + A) - 15il, + (i» - 4) A^, 
12A = 9a((7, + (7i)- 95, + (i»-l)5„- 
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The required functions fi^^p (p > 0) are obtained from these without loss 
of accuracy. 

The functions {(2) + l)»-t2}y3,^^, (I> - i^) I3s^p are required to find the 
Pi, P«, P7,...(page 24). If these were obtained from (34) with the values 
of /3s^p just found they would in general entail a loss of accuracy of the order 
of i units in the last calculated figure. 

Equations (31), (32) enable us to calculate them without loss when 

;) = 0. When p > 0, we have from (34), (36), 

{(D + 1)» - t*j A,p = 4^a (A^.i,p + I3s^,^p.,) + (p + 1) (2s + 1) i8,,p+i 

+ (« + 4)(2i>-* + f)A,p. 
In particular, 

5, 



{(D + iy- i'} 5. = (^ + 3a) C, - 25., 
{{D + iy- 1»} C, = (^ + 10a) A - 6C7„ 



{iB + ly - i»} Bp = 9o (Op + (7p_0 + 4 (;) + 1) Vi + 2 . 2p5„ 
{(i) + !)• - 1>} Op = 25o (i)p + iV-,) + 6 (;) + 1) 0,+, + 3 (2|) - 1) 0„ 

which are rapidly ohtained, since the multiplication by a will have been 
made in finding the j8,,p. 

In a similar way we obtain from (31), (34), (36) for outer planets, 
(D'-i^)Ao= o5„ 
(!)»-»») 5,= 9oO. + 25,- Bo, 
(i)» - i^) 0. = 25aD, + 40, - 40.. 



(I>'-i')A^= u(Bj, + Bp_0, 

{D'-i'')Bp= 9a(0, + 0^x)+2(p4l)5,+,+ (2p-l)5p, 

(Z)»-i») Cp = 25a{Dp + Dp.,) + *(p + l)Cp+, + 2(2p - 2)0,. 

It has been found convenient to alter certain of the formulae (21) a little. 
We have iA* = ^B^' - ^B*+\ 

ijB< = fO*-> -fO<+'. 
Applying the first of these to the definition of E*, the second to that for 
L*, and both to that for 0*, it is easy to show that 

(E*^B*-^-iA* = E-^, 

I i*=fO< + Hi-i)5n 



(37) 



(?< = |C< - i£'-' + *-^^) A'. 



BK. 
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These, equally with (21), can be operated on by any function of D and 
consequently they are true when the suffix p has been attached to the 
symbols. 

Solution of a Difficulty. 

From the series for Ap, or otherwise, it is obvious that (D — iyA^ is of 
the same order of magnitude in general as A\ Hence when i is large and 
this function is calculated from the tables it appears as the diflference of two 
nearly equal numbers, and a considerable loss of accuracy results. The same 
fact is true of all the functions Apy Bp, ..., but for a given value of i the loss 
of accuracy is smaller as p increases and as we go along the series A,B,C,,.., 
Although the number of places used in the tables has been found to be 
sufficient for the purposes of this essay, I shall give a method showing how 
the difficulty may be overcome. 

We have (Tisserand, loc. cit.) : 

.. 2 ./•'^ sin*^i/r 

A* = - aM i dyjr. 

TT ^0 (l-a'sin^i/r)* 

Hence (D - i) ^* = - a»+^ f ^^'''"^''^ 3 d^, 

TT Jo (l-a«sin*i/r)f 

(i)-i-l)^*- = ^«i.3 r^J^J^^l^dir. 
ir Jo(l-a«sin2t)S ^ 



(D - i) A^ = aA'+^ + a (2) - i - 1) 4»*+' 

= aA^+^ + a«^*+2 + . . . + a^il»+i + aJ (D - i -j) A^+^. 

The values of J.*, DA^ = Ai^ have been calculated to seven significant 
figures, and the ratio of (D — i— 1)A^+^ to (D'-i)A^ approaches the limit 
a as i increases. Hence if p is the number of units loss of accuracy in the 
last significant figure of (D — i — j) A*^, the number of units loss in (D — i) A* 
is pa^ approximately, which can always be reduced to unity or to a gain by 
takings large enough. For values of i less than i' we must take a^ < i' if we 
are to lose no accuracy in (D — i) A\ In the case of Venus, with i' = 30, this 
gives j = 5, i = 25. 

It is obvious that this principle can be extended to any of the functions 
previously used by applying the preceding formulae, but since the practical 
applications did not demand it I shall not develope the formulae here. 

It does not seem possible to obtain a general formula for (D — i)/8,p* 
in terms of fig^p^ without loss of accuracy otherwise than by the principle 
of the method outlined here ; i.e., by referring forward to some higher value 
of i. 

The corresponding difficulty in Radau's work appears in the form 
A^ - aA^\ A^ - 2aA^-^ + al'A}-^ .... 
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Calculation of the Coefficients Mi and of their Derivatives with 

respect to n. 

The most arduous part of the work has consisted in the computation of 
the derivatives of r^, a;^ — y* + 2ixy = u©^ with respect to n, to the degree of 
accuracy which was demanded. The only complete literal expansion in 
powers of m is that given by Delaunay, and his results suffer from two serious 
defects for this purpose, the one in the fact that the coefficients for the 
parallax on which the desired quantities chiefly depend are not taken far 
enough, and the other in the doubts as to the degree of convergence of 
the series along powers of m. Both may to a certain extent be remedied 
by a judicious use of the numerical results given in my Lunar Theory. So 
far as I know, the only method for calculating these derivatives from 
numerical results in which the value of m has been substituted, without 
having recourse to algebraical series in powers of m, is one which I gave in 
1903*; this method, although tedious and difficult for numerical application, 
has perforce been adopted in the absence of any other plan. 

The method essentially consists in finding three independent relations 

between the coordinates and their derivatives with respect to the six elements, 

expressed in the form of algebraic or differential equations. From these 

three relations it is possible to obtain the derivatives of the coordinates with 

respect to one of the elements in terms of the others. No approximation 

processes are necessary — only multiplications of series and a quadrature for 

each coordinate. Further, the results naturally appear in the form in which 

they are required in the disturbing function, namely, as derivatives of the 

dc 
rectangular coordinates, and the value of -r^ , on which the principal term in 

the equations of variations mainly depends, also arises naturally. The order 
with respect to e, k to which the results can be calculated is one less than that 
to which the coordinates have been obtained, but it was not found necessary 
to proceed to high orders. 

The formulae are constructed to solve the problem: Given the lunar 
coordinates and their derivatives with respect to Cj, Cj, Wi, w^t w^, to find the 
derivatives with respect to n, it being supposed that the coordinates are 
expressed in terms of these six elements. My lunar theory enables one to 
get all the data of the problem accurately. It is expressed in terms of the 
constants e, k, which are left arbitrary; but the second and third of 
equations (8) together with the values of Ca, Cg in terms of these constants 
enable one easily to find the derivatives with respect to c^, Cs from those with 
respect to e, k, or vice versd. The method given for performing the calcu- 
lations was adopted almost without change. The results will be found in the 

* Trans, Amer. Math, Soc. Vol. iv. pp. 234 — 248. 

3—2 
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36 DEVELOPMENT OF THE DISTURBING FUNCTION [SECT. Ill 

collection of tables. The details by which the functions chiefly needed, 
namely, 

were found directly instead of the functions for which the formulae were given, 
namely, 

d . y. d . . 

will be omitted*. 

The greater part of the work consisted in multiplications of series of the 
same nature as those necessary in my lunar theory. The calculation of 

r"-3^, UoS Uo-? 

consists entirely of such multiplications. The multiplications by 

are quickly performed. Certain coeflScients of orders higher than those given 
in the tables were required. These were obtained from the complete results 
already quoted for Uo, ^: their derivatives with respect to n were multiplied 
by such small coeflScients that a calculation of them was obviously un- 
necessary. Thus in all this work the eflfect of the solar perturbations in the 
moon's motion on the coeflScients of the planetary terms has been fully taken 
into account. It may be stated here that the derivatives with respect to n 
are only required either in the terms of comparatively short period (say, a few 
years or less), or in those terms which do not contain the argument w^. 
A glance at the final form of the equations of variations will make this state- 
ment evident. 

* Some errors in the formulae of the paper referred to were found. The integrated equation 
(C) p. 246, requires an added constant, contrary to the statement there made : this constant may 
be determined by the equation numbered (14) in the paper ; and the sign before the last term of 
(E) p. 247 should be changed, as well as the first negatiye sign in equation (15), p. 244. 
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SECTION IV. 



A SIEVE FOR THE REJECTION OF INSENSIBLE COEFFICIENTS. 

The periodic inequalities due to the direct action of the planets are 
usually divided into two classes, which have received the names ' long-period * 
and ' short-period/ These names are somewhat misleading in this connection, 
because there is no sharp line of division. I shall divide them into primary 
and secondary inequalities : the former are those which arise from the substi- 
tution of Wi + iwi for the non-periodic term of F; the secondary inequalities 
will be defined as those which arise from the substitution of the variable 
values of the elements in the periodic terms. 

The majority of the primary inequalities are of long period — a year or 
more ; but there are classes of them having sensible coeflScients with periods 
of a month or less. Nearly all the secondary inequalities are of short 
period. Thus the primary inequalities in the longitude are obtained from 

SF=Swi, 

and the secondary inequalities from 

\dw^ / dwz dw^ dn dc2 dcs 

The coefficients of the secondary inequalities will be smaller than the 
coefficient of the corresponding primary inequality, in general ; an examination 
of the final form of the equations of variations and of the values of the co- 
efficients in the derivatives of V shows this immediately. An exception will 
occasionally occur in the terms 

dV 
The largest term in -v- (see page 12) has a coefficient 40 ; the coefficient in 

Sca is 
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38 A SIEVE FOR THE REJECTION OF INSENSIBLE COEFFICIENTS [SECT. 

that in Swi is 

dV 
Hence the ratio of the largest coeflScient in -7— Bc^ to that of Swi is 

128 sh 1 1448 

jrXi A s A 



since 






A 

As -^ is never very small (it is in most cases a little greater than unity) 
A 

the value of p will be large only if the two terms of the denominator are 

approximately equal in magnitude and opposite in sign. The sieve which 

follows does not contemplate this * accidental ' approximate vanishing of the 

denominator, so that it would not reject the inequality in hw^ for this cause. 

Hence the maximum value of p would appear from the sieve as the greater 

of the two values 

y.. A J 14ij« 8 
^'^A, *°^ l(Fx,<100' 

since Xj =ii + '0148612— •003744f8 and its least value when 13+ is taken to 
be '01486 in the sieve. The terms in which the former is the greater are all 
calculated without reference to the sieve. Those in which the latter is the 
greater demand that 8 > 100" for the secondary inequality to be rejected by 
the sieve for hwi when it ought to be retained. The sieve shows that such 
inequalities can only occur with the lunar arguments 2D — 2Z, D - Z, and 

these have been separately examined. The term -^ — iw^ is of the same order 

approximately, and the same argument applies. 

A similar argument applied to the terms containing 2D — 2F, D — F shows 
that the sieve would not reject the secondary inequalities in longitude as 
long as s<2000", and as the upper limit for the sieve is s=3500", a secondary 
inequality with a maximum coeflBcient of 0"'02 might have been rejected by 
it. But the inequalities for s > 2000" were separately examined. 

The secondary inequalities in the latitude of terms containing 2D — 2F, 
D — F are more important than those in the longitude. A similar 
argument applied to them shows that the primary might be neglected by 
the sieve if s > 60" when the secondary should be retained. Consequently 
a separate examination of these terms was also undertaken. 

We have then to examine the primary inequalities. Those which have 
periods of less than a year do not need a sieve. The terms in the moon's 
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IV] LIMITATIONS OF THE SIEVE . 39 

coordinates which, in combination with the planet's coordinates can give 
sensible terms, are few in number and they are taken one by one according 
to the sizes of their coeflScients with all possible terms arising from the 
planet's coordinates until they become insensible : the number of the moon 
terms thus required is quite small, as the results show, and any omissions 
would arise only from numerical errors. The sieve which follows is therefore 
constructed for periods greater than a year. Some limitation had to be 
placed on the maximum period to be included ; it was taken at 3500 years, 
corresponding to a value of s equal to 1". But values of 8 less than 1" which 

arose from the equations constituting the sieve were also included. 

« 

The results show that though there will be inequalities of periods greater 
than 3500 years, their order is so high that it is extremely doubtful if their 
coefficients would be sensible. In any case the period is so long that they 
would scarcely be observable within historic times. It is to be noted that for 
very long periods it is better to expand such terms in powers of t when 
we wish to examine their eflfect on the observed position of the moon. 
Thus: 

Osin (g^ + g') = oto + tti^ + 02^'+ . ... 

The first two terms would then constitute an addition to the expression for 
the moon s mean longitude, which, being one of the observed quantities, would 
not be affected : the values of Oo, «! could hardly be large enough for this 
change in the meaning of Wi to affect the periodic terms. The succeeding 
terms would constitute an addition to the secular acceleration, but it is quite 
improbable that there is any coeflScient great enough to affect it by so much 
as 0"*1 per century. 

It has not hitherto been found possible to construct any kind of analysis 
which will give a criterion for the magnitude of the coefficients of the 
planetary terms without having recourse early to numerical developments. 
There are many thousands of inequalities whose periods suggest that their 
coefficients might be sensible but which on computation are found to be 
exceedingly small. Even the roughest approximation would be a laborious 
process, and it seemed advisable at the outset to construct formulae which 
could be rapidly applied. Fortunately, for the two most troublesome planets 
— Venus and Mars — numerical developments were available for this purpose. 

Newcomb has given* the expansions of -^, -^^ in cosines and sines of 

iT—jP up to i=29, with a sufficient number of values of i— jf- The 
numerical values of all quantities have been substituted at the outset, so that 

* Amer, EpK Papers, Vol v. pt. 3. 

t The order of any term with referenoe to the eccentricities of the earth and planet and the 
inclination of the planet is I i -j |. 
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40 A SIEVE FOR THE REJECTION OF INSENSIBLE COEFFICIENTS [SECT. 

there is no possibility of using the method of Section II. But as the argu- 
ments are developed in multiples of the mean longitudes it is still possible to 
differentiate or integrate with respect to these, on the understanding that we 
consider the arguments as functions of the mean longitudes and of the longi- 
tudes of the perigees and of the node (not of the mean longitudes and mean 
anomalies as in Section II.). For Mars the development had not been carried 

beyond t=ll for -^, and not completely to that point; but a process of 

extrapolation and a knowledge of the general law of decrease enabled one to 
extend the table for the purposes of a sieve sufficiently far : a liberal margin 
was left for errors in this extrapolation. For the other placets, the general 
law of decrease, which approximately holds when i is sufficiently great, namely 
K^jK^'^^ = a, is so soon reached owing to the smallness of a, that there was no 
difficulty in forming a rough table. 

There are two problems to be dealt with : first to form a table from which 
all possible pmods can be rapidly obtained ; second, to obtain formulae for 
finding easily the order of magnitude of the coefficient which will result 
in the moon's longitude. The process which follows is divided into several 
parts: — 

(a) A formula for the coefficient in longitude when we know N 
(the coefficient from Newcomb's tables), s (the number of seconds in the 
daily motion of its argument), k (the order of the term with respect to the 
lunar eccentricity and inclination). Modification for the planets other than 
Venus. 

(6) A formula for the order with respect to e, y associated with a given 
multiple of WiyWz, w^ in order to obtain k. 

(c) A method of constructing the period corresponding to each multiple 
of I, gy h to be considered, to obtain s. 

(d) The terms which were not rejected. These will be found with the 
numerical results. 

The only part of the actual computations which required special care was 
that giving the periods. It was found, however, throughout the numerical 
work that, the plan once formed and in working order, the size of the 
coefficients could be almost guessed at a glance, so that the computations 
were themselves of the nature of a test of accuracy, and errors tended rather 
to make the coefficient too large than too small. The test was gone through 
twice. The details which resulted in the table of coefficients retained by the 
sieve for accurate computation will be omitted. 
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IV] CONSTRUCTION OF THE SIEVE 41 

Construction of the Sieve. 

We have, as in Section ii., 

^=-r' + (l-7"«)/'cos(F'-r) + 7"V'cos(F'+F-2r), 
1, = (1 - y «) r" sin ( F' - F) - 7" V" sin ( V" + F' - 2h'% 



f=27"vr- 


-7"V 


8in(F"-r), 


A« = r"»-r'» 


-2/e 




Hence, putting 






we obtain 




^^ = -^E-vN, 


(38) 




1 d (l\_'nN+^E 

//T* I A»; A»+a 



(39) 



Multiplying the latter equation by ^E—riN, ^N-i-rjE successively, and 
making use of the equation A* = f * + 17^ + f^ in the form* 

we find, after a few simple operations, 

A'+» JV" + E^ U' A«+«J « (iV> + E") dT \A') 
2fiy ^ 2NE /I g» \ 2(^N+vE) d n\ 

Now the principal terms in the expansion of N, E in powers of e' are a', 
oV, and the equation (38) shows that when the multiple of T considered in 

the expansion of -r^ in cosines is not very small, -^ is small compared with 

-^jTj (« positive). Hence we shall evidently be taking the worst case if we 
consider 

Further, 

^ dT Uv ~ dT W) A> dT 

= order of ^ 1^-2^:^ -^J, 

* The symbol f is only used in this connection on this page, and it will not be confased with 
the s in the equations of variations. 
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42 A SIEVE FOR THE REJECTION OF INSENSIBLE COEFFICIENTS [SECT. 

which, for the worst case — that of Venus where a"^ = 2a'* approximately — 
gives 

The order of V -jrp\-Ar^ is approximately the same. 
Consider next the function 

Here f is of the order 27". Suppose that these functions be expanded in 
powers of 7"* and then in cosines. For Venus 7"' < ^^ a^d therefore for a 
given multiple p oi T m which p<Pi, the terms factored by 7"* will be less 
than those independent of 7"* : the value erf pi which would make them 
greater, is seen in the course of working the method to be too large to need 
consideration. Hence for coefficients which do not contain 7"* as a factor*, 

it is sufficient to take -n ' for those which contain 7"* as a factor we should 

g,y"2 6 . . 

take — ^ , but this being less than -^ within the limits, the latter was 

used. 

The first term of the disturbing function R in Section ii., when written in 
terms of the real variables, is 

in which the first factor is the part depending on the moon. If we take 
e=:^, 7 = ^ instead of their actual values ^, ^, and in general take no 
account of the fact that m = "j^, we shall not be making the coefficients too 
small if we consider r^—Sz^ a!^ — y\ 2^, 2zx, 2zy as of the order a'lO"* 
where k is the order of the term considered with reference to e, 7. Remem- 
bering that a combination of two sines or cosines introduces the factor J, we 
find the following results, in which the factors have been increased slightly to 
make them suitable whole numbers. 

First term of R, order - .^ 10~* when 7"* is not a factor, 



5 A« 
m''a« 



A» 



10~^ when 7"* is a factor. 



Second and third terms of iJ, order - -^ —^ 10""*, 

fourth term of iJ, order :rp^ — r^ — 10"*. 
10 A® 

* The parts depending on y"^ always diminish the coefficient. 
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IV] CONSTEUCTION OF THE SIEVE 43 

Next, the primary inequalities are found with 

where 

1 m" 1 m" 

i2 = 7 ^n'^aM cos (?< + g') = t — ^''aM cos (hw^ + 1>2 + ij^s + q''t + O, 

\i = - ii + -0148612 - -0037444, 

/= [12-30] g;, /' = [7-62]^'. 

There are several cases to be considered. 

Ca^e 1. ii = ig = is = 0. The second term of 8wi with the first term 
of R since the other terms of R will have the factor m^ at least ; 



54(^-0 



a^* dn 

CoeflScient in Swi is of order 
10^2 m 
s m 



= 11^1, fc^O. 



7 (coef. in ^ j , 7''^ not a factor, 



(7a«e 2. I'l = 0, ^ even. The first term of Bw^ combined with the second 
or third terms of R ; 

Coefiicient in Bwj is of order 



T coef. m -Trfi-JTr]' 

»^ m V dr Av 



Case 3. ia = — ii, ii < 3, ig even. The first terra of Swi combined with 
the first term of R ; 

Coefficient in Bwi is of order 

IO12.8-* ^'' 



m" / . . a'»\ 
-7- coef. m -T^ . 



8" 

The other cases, depending on the way in which w^w^t w^ enter into the 
argument, are treated in like manner. 

I give next the final form of the equations used in the case of Venus. 

Here —7=77^777^7^7^. Newcomb tabulates 24 -r^, 24^7. li N^, N^ are 
m 408,000 A* ix" 

the coeflBcients derived from Newcomb's tables for these functions, p the 
multiple of T present, G the coefficient in hw^ expressed in seconds of arc, 
we find the following expressions for logioC; the arguments are put into 
Delaunay's notation {il-\-ig •\-i'h). Additions have been made to the 
numbers for simplicity in the results and for parts arising from the terms 
in the moon coordinates containing e. 
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44 A SIEVE FOR THE REJECTION OF INSENSIBLE COEFFICIENTS [SECT. 

Argument Log C 

I, g, h absent 1-5 - log « + log iT,, 

Z absent, t'+t", even ^^^^ |4-5-A:-2 log. + logp + logiT,, 

' ' of (3-5-A;-21og« + logiV^8, 

„ i' + i"y odd 3-5-^-2 log 8 + log N^, 

I present, i' = i"=0,\ 6-0 - A; - 2 log » + log N^, 

„ i"even 50-A;-21og« + logp + logi\r5, 

„ i"odd 5-0-A;-21og« + logiir5. 
From the second term of iJ, which produces terms containing the factor 

-> , by a similar procedure I find 

Argument Log C 

t| = l, i' + i"even 2-3 - A; - 2 log « + log iV^ei 

»| = 3, ,, 2-0-A:-2 log* + 2 log^ + logical 

„ i' + i"odd l-5-A;-21og» + logp + logi\^5. 

For the other planets, similar expressions can be obtained. Except in the 
case of Mars as far as i=ll, no tables giving jST,, N^ are available It is 

therefore necessary to construct a method for the coefficients ii^ x^» ^' As 

stated above, the parts of these functions independent of the eccentricities of 
the earth and planet can be expanded rapidly for a rough approximation. 
The terms which contain the eccentricities as factors are in general of the 
orders {pe'y or (pa")^ (where p is the multiple of T present, q the order with 
respect to e\ e") compared with the order of the term with argument 
p {T - P), as a reference to Leverrier s development shows. A margin was, 

however, left for the occurrence of numerical factors independent of — , p, 

but depending to a small extent on q, Jupiter was the only planet in which 
the approximations to the coefficients came close to their correct values ; and 
this occurred where the approximation was comparatively simple, namely, for 
small values of p : a smaller margin has been necessary. 

The coefficients which the sieve gave as greater than 0"'01 will be found 
in the collection of numerical results. 

With a knowledge of the greatest values of N^, JS"^ (which arise with the 
lowest values of p) it is a simple matter to find the maximum value of s to 
be considered in any given case. In fact, the maxima of 8 are found by 
equating the above expressions to —2, since the least value of C to be 
considered has been taken at 0"*01. Many limitations which it is not 
necessary to specify in detail appeared during the progress of the work ; e.g., 

if the multiple of I present in the part of B independent of — is 2, it is only 

Cv 

necessary to consider values of p lying between 25 and 50, and then only 
those in which the sum of the multiples of P, — T is less than 5*. 

* These statements are always made with coordinates referred to axes foUowing the mean or 
trae place of the sun. 
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Lowest orders with reference to e, k associated with the Lunar 

Arguments, 



so that 



If any argument contains w^ w^, w^ in the form* 
iiW^ + laWa + *8 Ws = il + i'g + %'% 



i^Hy i'-h + iiy i" = ii + i2 + t8, 



then it is easily seen from the known properties of the solution of the problem 
of the moon's motion, that the lowest orders are as follows : — 

(40) I i - i' I + I i' - *" I for i', i" even, 

(41) 2 + |i-i'| + |i'-r| for i', r odd, 

(42) 2 + I i — i' I + smaller of | i' — i'' ± 1 1 for i' even, i" odd and positive f, 

(43) 4 + I i - i' I + smaller of | i' — i" ± 1 1 for i' odd, i" even and positive f. 

The first expression (40) represents the orders for all terms in longitude 

and parallax or in a?, y which are independent of — ; (41) for terms con- 

a 

taining odd powers of — as a factor ; (42) for terms in latitude or in z 
a 

independent of - , and (43) for those containing an odd power of — as a 

factor. Unity has been added in the expressions (42), (43) since an odd 
power of 7 in i2 is always associated with an odd power of y\ and 
conversely. 



Method for finding the Periods to be Examined. 

The lunar arguments I, g, h are first considered. These are divided into 
classes according to the multiple of I present ; when the multiple is greater 
than 3, the value of p is so large that the coeflBcients are quickly seen 
to be insensible; in fact, there are none retained by the sieve with the 
multiple 3. 

Consider any multiple i'g + i"h of g, h. All the facts needed concerning 
a given multiple of g, h can be inserted on a sheet of squared paper by taking 
i', i" as the coordmates and inserting in the squares: (1) the number of 
seconds in the argument ; (2) the order with respect to e, 7 of the coefficient 
as derived from the expressions (40), (41), (42), (43) associated with the 
argument ; (3) the multiple of T associated with it in the greatest term 
of this order in the moon portions of R ; that is, the term whose coefficient 
in these functions does not contain e' as a factor. The specimen given 

* The results were worked out with 2, g^ h instead of with Wi, iTq, w^, 

t The positive sign is attached for oonyenience: the sign of the coefficient can always be 
arranged so that i" is positive. 
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[sect. 



on page 47 includes all terms of the seventh order. It is evident that only 
two quadrants are required. 

Similar charts were constructed for l+i'g-^-i^h, 2l + i'g + i"hy ... but 
that it was not necessary to insert the values of 8 will presently appear. 

For the planet arguments the table which follows was formed to give the 
periods of pT—piV up to the first very long one, excluding periods greater 
than that of T. The last three* given are the arguments of very long 
periods : it is not necessary to go further, since all the periods greater than a 
year are either multiples of those given or are combinations of the last three 
with the others ; higher multiples of T, V make the diflference | p — Pi | 
(which gives the order of the coefficient with respect to e\ e'\ 7") so great 
that the terms would obviously become insensible \i b> 1". We thus have 
all the periods of arguments independent of I, g, h. This particular table 
also illustrates the plan on which the sieve was worked. 



Arg. 


s 


\N\ 


log|C| 


For Cal. 


T 


+ 3548 


110 


- 9 -5 


X 


UT-&V 


-3563 


•03 


-3-5 




iT-ZV 


-3110 


14- 


- ^9 --5 


X 


97-57 


+ 3096 


•04 


no 




97-67 


-2672 


•3 


-24 




47-27 


+ 2657 


2-4 


-15 


X 


T-V 


-2220 


230- 


+ -6 -5 


X 


12T-7V 


+ 2204 


•002 


no 




67-47 


-1782 


2-3 


-13 


X 


77-47 


+ 1766 


•3 


-2^2 




117-77 


-1344 


•03 


no 




27-7 


+ 1328 


14^ 


- -5 -5 


X 


37-27 


- 891 


13^ 


- 3 -5 


X 


107-67 


+ 876 


•03 


-2^9 




87-57 


- 454 


•25 


-V5 


X 


57-37 


+ 438 


2^3 


- -7 


X 


137-87 


- 15 


•004 


-2^0 


X 


267-167 


- 30 




no 




397-247 


- 45 




no 





Formula : log (7 = 1*5 — log s + log i^s- 

Ns Max. of 8 

200 80000 

20 8000 

2 800 

•2 80 

•02 8 

•002 1 

— '5 to be added to log | C \ when the multiples oi Ty - V diflfer by less than 2. 

* These three are multiples of the first ef them, but it is oonyenient to have them written 
down. 
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TABLE FOR THE PERIODS AND ORDERS 



47 



Multiples of g 
3 4 



-^ 9 



I . 



-2 



-3 



-4 



















6 -ey 

-1145 




6 -2" 
38 




6 -62* 
1222 




6 -62' 
2405 




^Z\t 

-954 


7-52' 
-362 


229 


7-52- 
821 


1413 


7 -62' 
2004 






4-42" 
-763 


'zIt 

-171 


4 -42" 
420 


7 15^ 
1012 


4 -47 
1604 








^zIt 

-572 


5 -37 
20 


^zIt 

611 


5 -32- 
1203 


6 ~\t 
1795 








2-27 
-382 


^Z\t 

210 


2-22' 
801 


^Z\t 

1393 


6-22" 
1985 








2> 

-191 


3 -T 
401 


992 


7 -T 
1584 












5 +T 
592 


4 02' 
1183 














5 +T 

783 


6 It 

1374 














7 \t 
974 


6 27 
1565 














7 32- 
1164 
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For arguments containiDg ^r, h but not I, we proceed according to the 
order given on the preceding page (for g, h\ beginning with the lowest, which 
is 2. There are three terms of this order with arguments : 

2g + 2h, 2A, h, 

and motions 

80r, -382", -19r. 

Taking the first, which arises principally from the terms a^ - y\ 2xy in R 
in the form 2D — 2Z, we examine by means of the second formula on 
page 44 all the terms which have values of s less than 3500, obtained by 
adding ± 801" to the values of 8 in the table given on page 46. For 
example, the argument 

25rH-2A-10rH-6F gives « = -74. 

To obtain N^ we write it 

2D-2Z-8r+6F, 

where D is Delaunay*s notation for the difference of the mean longitudes of 
the sun and moon. The value of JVs, obtained from the term in Newcomb's 
table corresponding to — 8r+6F, is extracted, and log (7 is then obtained. 
Before finding the terms of a given order, the maximum value of 8 needed for 
that order was found and the process was followed until the maximum value 
of 8 became less than 1". 

For terms containing the first multiple of Z, the most convenient one of 
very long period is taken, say I + 167 - 18F in the case of Venus, for which 
«= — 13". This, after the maximum of 8 has been found, is combined with 
the motions in the table of arguments pT —piV, giving a list of terms to be 
examined. The next first order term is 2D — Z, which is treated in the same 
manner ; the starting term is 2D - Z + 87- 12 F, for which « = - 87". The 
same process is followed with every moon argument : it proceeds according to 
the orders of the coeflScients with respect to e, 7, and is continued until an 
order is reached for which the maximum of 8 is less than 1". 

The charts and tables which were constructed, together with the expres- 
sions constituting the sieve, permit one to review rapidly all the possible 
terms without any fear that some may be omitted. All the major planets 
from Mercury to Neptune were examined. For the minor planets a diflferent 
method of treatment would be necessary : the principal eflfect is probably 
that of a circular ring of matter at the average mean distance : but the mass 
would be an exceedingly doubtful quantity. 

It should be added that the numbers given in this section are only rough 
and ready approximations. Accurate values were afterwards used in the 
actual computations of those terms retained by the sieve. 
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AUXILIARY NUMERICAL TABLES. 



Epoch 18500. 



Arg. 


Daily motions 
of arguments 




Longitudes at Epoch 


Perigee 


Node 


^1 

Q 

V 
T 
M 
J 

S 


47434-891 

400-923 

-190-772 

14732-420 

5767-670 

3548-193 

1886-518 

299-129 

120-455 


Mercury 

Venus 


75° 07' 19" 

129° 27' 34" 

100° 21' 40" 

333° 17' 55" 

11° 54' 27" 

90° 06' 40" 


46° 33' 12" 
75° 19' 47" 

48° 24' 01" 

98° 55' 58" 

112° 20' 51" 


Earth 


Mars 


Jupiter 


Saturn 







Eccentricity 


Inclination 


Sine half inclin. 


>o4' 


to' 


Moon e = ... 

„ e= ... 

Earth 


•10955 

-054906 

•016772 

-205604 

-0068446 

-093-261 

-048254 

•056061 


7° 00' 07" 
3° 23' 35"-3 
1° 51' 02" 
1° 18' 42" 
2° 29' 39" 


k -044780 
y -044887 

-061066 

•0296063 

-016149 

-011466 

•022 


T-5878216 

1-8593374 

-1828960 

-7162374 

-9794957 


6000000 
408000 

3093500 
1047-35 
3501-6 


Mercury . . . 

Venus 

Mars 


Jupiter 

Saturn 



BR. 



a diff. of masses of Earth and Moon 



= -0025053. 
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AUXILIARY NUMERICAL TABLES 



[sect. 



€bA^, Venus, 



i 


P=0 


1^=1 


P=2 


p = S 


1,=4 





2-386373 


M8898 


201958 


356717 


7^14018 


1 


•942412 


1^64375 


r97018 


3^61813 


715763 


2 


•527578 


1 •49718 


2-23897 


3-67099 


7-24792 


3 


•323341 


r25777 


2^38378 


3^90485 


7-38420 


4 


•206787 


1-01817 


237596 


4^18715 


7-66163 


5 


•135585 


•806423 


2^25093 


440529 


8-06778 


6 


•0903733 


•629509 


205234 


4^50184 


8-52231 


7 


•0609449 


•486319 


1-81709 


4^46256 


8-93131 


8 


•0414597 


•372759 


157213 


4^30024 


9-21822 


9 


•0283961 


•283965 


r33525 


4^04108 


933621 


10 


•0195545 


•215254 


M1704 


3^71519 


9^26837 


11 


•0135258 


•162505 


•922804 


3^35128 


9^02179 


12 


•00939037 


•122264 


•754294 


297337 


862021 


13 


•00653977 


•0917207 


•610989 


2-60025 


8^09624 


14 


•00456677 


•0686356 


•491048 


2-24529 


7-48568 


15 


•00319644 


•0512491 


•391967 


r91729 


6-82294 


16 


•00224186 


•0381937 


•311003 


r62103 


6-13881 


17 


•00157519 


•0284159 


•245453 


1-35848, 


5^45869 


18 


•00110854 


•0211093 


•192801 


112945 


4-80230 


19 


•000781251 


•0156602 


•150799 


•932354 


4-18393 


20 


•000551305 


•0116035 


•117495 


•764686 


3-61295 


21 


•000389493 


•00858810 


•0912272 


•623494 


3-09465 


22 


•000275467 


•00634988 


•0706073 


•505651 


2-63101 


23 


•000195012 


•00469065 


•0544896 


•408070 


2-22155 


24 


•000138178 


•00346202 


•0419391 


•327837 


1-86399 


25 


•0000979878 


•00255320 


•0322001 


•262283 


1-55486 


26 


•0000695400 


•00188159 


•0246666 


•209030 


1-28999 


27 


•0000493857 


•00138571 


•0188559 


•165996 


1-06486 


28 


•0000350954 


•00101988 


•0143859 


•131384 


•87493 


29 


•0000249553 


•000750191 


•0109555 


•103668 


-71570 


30 


•0000177550 


•000551514 


•00832894 


•0808952 


-58391 
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a'BJ. Venus, 



i 


1>=0 


i>=l 


l,=2 


p:=% 


i> = 4 





7-22787 


40-7577 


162-839 


574-438 


1889-97 


1 


6-41712 


399376 


162-009 


572-558 


1886-46 


2 


5-34305 


37-4703 


158-899 


.567-202 


1875-65 


3 


4-30681 


33-9489 


153 053 


557-873 


1857-47 


4 


3-40299 


29-9236 


144596 


543-770 


1831-35 


5 


2-65251 


25^8036 


134-045 


524-376 


1796-17 


6 


2-04714 


21-8593 


122-086 


499-716 


1750-67 


7 


1-56803 


18-2494 


109-417 


470-353 


1693-91 


8 


119391 


15-0509 


96-6472 


437-240 


1625-63 


9 


-904676 


12-2853 


84-2627 


401-549 


1546-42 


10 


-682782 


9-93951 


72-6128 


364-502 


1457-58 


11 


•513587 


7-98023 


61-9221 


327-246 


136105 


12 


•385215 


6-36440 


52-3111 


290-774 


1259-10 


13 


-288217 


5-04589 


43-8189 


255-885 


1154-16 


14 


-215180 


3-97965 


36-4253 


223-167 


1048-60 


15 


-160347 


312409 


30-0696 


193-016 


944-563 


16 


•119287 


2-44218 


24-6664 


165-649 


843-909 


17 


-0886081 


1-90189 


20-1175 


141-143 


748-121 


18 


•0657309 


1-47604 


16-3210 


119-461 


658-314 


19 


•0487009 


1-14196 


13-1767 


100-483 


575-238 


20 


-0360433 


-880955 


10-5906 


840315 


499-324 


21 


-0266486 


•677817 


8-47687 


69-8952 


430-720 


22 


•0196845 


-520254 


6-75904 


57-8446 


369-349 


23 


•0145280 


•398422 


5-37015 


47-6466 


314-956 


24 


•0107140 


•304484 


4-25252 


39-0734 


267-158 


25 


•00789548 


•232245 


3-35707 


31-9104 


225-486 


26 


•00591455 


-176824 


2-64251 


25-9593 


189-415 


27 


-00427940 


-134402 


2^07441 


21-0408 


158-405 


28 


-00314773 


-101996 


1-62429 


16-9955 


131-913 


29 


-00231406 


•0772887 


1-26880 


13-6833 


109-411 


30 


•00170032 


-0584848 


•988870 


10-9828 


90-4019 



4—2 
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AUXILIARY NUMERICAL TABLES 



[sect. 



aCJ. Venus. 



i 


p=0 


i>=l 


1^=2 





44-8769 


534-588 


3768-39 


1 


43-6375 


527-704 


3741-20 


2 


40-5989 


507-963 


3660-39 


3 


36-5135 


477-744 


3529-34 


4 


31-9852 


440-064 


3354-28 


5 


27-4388 


397-947 


3143-75 


6 


23-1435 


354-052 


2907-47 


7 


19-2502 


310-509 


2655-40 


8 


15-8260 


268-888 


2396-86 


9 


12-8827 


230-239 


2139-95 


10 


10-3980 


195-177 


1891-28 


11 


8-33082 


163 976 


1655-86 


12 


6-63168 


136-655 


1437-18 


13 


5-24910 


113-060 


1237-38 


U 


4-13379 


92-9238 


1057-42 


15 


3-24075 


75-9167 


897-406 


16 


2-53032 


61-6831 


756-725 


17 


1-96836 


49-8668 


634-298 


18 


1-52609 


40-1283 


528-726 


19 


1-17959 


321543 


438-447 


20 


-909213 


25-6635 


361-821 


21 


•699011 


20-4082 


297-239 


22 


-536133 


16-1740 


243-145 


23 


-410305 


12-7778 


198-107 


24 


•313370 


10-0649 


160-803 


25 


-238882 


7-90608 


130-066 


26 


•181778 


6-19418 


104-853 


27 


•138097 


4-84113 


84-2627 


28 


•104749 


3-77495 


67-5142 


29 


-0793390 


2-93721 


53-9426 


30 


•0600106 


2-28070 


42-9841 
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i 


a'A^* 


31 


+ •0000126389 


32 


900151 


33 


641390 


34 


457215 


35 


326061 


36 


232619 


37 


166018 


38 


118527 


39 


846489 


40 


604735 


41 


432154 


42 


308914 


43 


220879 


44 


157975 


45 


113014 



i 


a'Bo'/a 


31 


+ -00172640 


32 


126734 


33 


929960 


34 


682120 


35 


500139 


36 


366576 


37 


268590 


38 


196732 


39 


144055 


40 


105451 


41 


771713 


42 


564604 


43 


412972 


44 


301987 


45 





i 


a'Do 


a'Di 


Ksr„ 





338022 


614005 


4785-68 


1 


333-468 


6086-23 


474314 


2 


320-567 


5928-97 


4618-95 


3 


300-989 


5679-86 


4422-57 


4 


276-750 


5355-68 


4167-46 


5 


249-813 


4975-76 


386907 


6 


221-872 


4559-78 


3542-93 


7 


194-267 


4126-04 


3203-45 


8 


167-972 


3690-36 


2862-99 


9 


143-625 


3265-59 


2531-56 


10 


121-595 


2861-50 


2216-68 


11 


102-033 


2484-89 


J 923-59 


12 


84-9390 


2140-01 


1655-50 


13 


70-2012 


1828-94 


1413-96 


U 


57-6434 


155209 


119919 


15 


47-0520 


1308-57 


1010-45 


16 


38-1990 


1096-59 


846-298 


17 


30-8580 


913-798 


704-860 


18 


24-8142 


757-498 


584-005 


19 


19-8702 


624-874 


481-532 


20 


15-8493 


513126 


395-238 


21 


12-5965 


419-566 


323-039 


22 


9-97758 


341-697 


262-975 


23 


7-87850 


277-235 


213-283 


24 


6-20282 


224-141 


172-372 


25 


4-87014 


180-612 


138-849 


26 


3-81398 


145080 


111-495 


27 


2-97966 


116193 


89-267 


28 


2-32255 


92-796 


71-270 


29 


1-80647 


73-913 


56-751 


30 


1-40221 


58-724 


45-076 
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AUXILIARY NUMERICAL TABLES 



[sect. 



a' {(/) + 1 )' - !«} Ap\ Venus. 



i 


P=0 


p=l 


p = 2 


i>=3 





9-99247 


46-3548 


178-7689 


615-388 


1 


8-87162 


46-3419 


177-6337 


613-923 


2 


7-38673 


44-4156 


175-2606 


608-892 


3 


5-95414 


40-9800 


170-6122 


600-643 


4 


4-70461 


36-6645 


163-2380 


588-520 


5 


3-66708 


32-0061 


153-3097 


571-636 


6 


2-83015 


27-3902 


141-3932 


549-461 


7 


216779 


23-0619 


128-2057 


522-054 


8 


1-65057 


19-1572 


114-4568 


490-025 


9 


1-25071 


15-7336 


100-7589 


454-380 


10 


-943940 


12-7974 


87-5890 


416-333 


11 


-710030 


10-3226 


75-2842 


377131 


12 


•532556 


8-26618 


64-0535 


337-940 


13 


-398458 


6-57744 


54-0018 


299-757 


U 


•297484 


5-20435 


45-1531 


263-374 


15 


-221679 


409735 


37-4736 


229-369 


16 


-164913 


3-21139 


30-8897 


198-119 


17 


•122500 


2-50685 


25-3054 


169-824 


18 


•0908724 


1-94975 


20-6139 


144-540 


19 


-0673285 


1-51142 


16-7052 


122-211 


20 


-0498295 


1-16808 


13-4733 


102-699 


21 


•0368414 


-900236 


10-8190 


85-8106 


22 


-0272136 


• -692034 


8-65228 


71-3175 


23 


-0200849 


•530730 


6-89346 


58-9776 


24 


-0148120 


-406135 


5-47294 


48-5458 


25 


-0109154 


-310161 


4-33096 


39-7849 


26 


-00803856 


•236420 


3-41683 


32-4717 


27 


-00591623 


•179894 


2-68796 


26-4008 


28 


-00435171 


•136657 


2-10891 


21-3874 


29 


•00319917 


•103652 


1-65045 


17:2666 


30 


-00235068 


-078504 


r28460 


13-8970 
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a' {(2) + ly - (i + ly] Bp\ i positive. Venus, 



i 


i>=o 


i,=i 


p=2 





447-951 


5197-28 


36045-4 


1 


424-582 


5055-43 


35471-2 


2 


387-464 


4804-84 


34419-0 


3 


343-350 


4470-38 


32933-5 


4 


297-290 


4080-18 


31081-8 


5 


252-663 


3660-99 


28946-7 


6 


211-488 


3235-50 


26618-6 


7 


174-796 


2821-32 


24186-4 


8 


142-934 


2431-00 


21731-0 


9 


115-818 


2072-54 


19321-6 


10 


93-1103 


1750-22 


17012-9 


11 


74-3419 


1465-46 


14845-2 


12 


58-9993 


1217-63 


12845-7 


13 


46-5732 


1004-69 


11029-4 


14 


36-5893 


823-755 


9401-82 


15 


28-6228 


671-520 


7960-90 


16 


22-3046 


544-536 


6698-96 


17 


17-3203 


439-428 


5604-44 


18 


13-4070 


353-028 


4663-47 


19 


10-3476 


282-448 


3860-91 


20 


7-96501 


225117 


3181-42 


21 


6-11593 


178-788 


2609-92 


22 


4-68543 


141-525 


2132-23 


23 


3-58195 


111-684 


1735-17 


24 


2-73298 


87-8809 


1406-89 


25 


208143 


68-9647 


1136-77 


26 


1-58250 


53-9832 


915-517 


27 


1-20125 


42-1554 


735-058 


28 


•910479 


32-8454 


588-447 


29 


-689121 


25-5372 


469-778 


30 


-520888 


19-8153 


374-056 
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AUXILIARY NUMERICAL TABLES 



[sect. 



a {(D + 1)* - (i + 1)»} Bp\ i negative. Venus. 



-i 


l,=o 


1>=1 


p = 2 





447-951 


5197-28 


36045-4 


1 


450-251 


5215-18 


36119-2 


2 


430-208 


5104-60 


35690-2 


3 


395-032 


4877-77 


347701 


4 


351-738 


4558-96 


33395-3 


5 


305-713 


417706 


31627-6 


6 


260-619 


3760-12 


29548-7 


7 


218-701 


3332-30 


27250-1 


8 


181139 


2912-63 


24823-7 


9 


148-386 


2514-81 


22355-1 


10 


120-4216 


2147-80 


19917-4 


11 


96-9397 


1816-59 


17569-8 


12 


77-4986 


1523-12 


15356-6 


13 


61-5605 


1267-08 


13308-0 


14 


48-6395 


1046-62 


11441-6 


15 


38-2436 


858-965 


9765-07 


16 


29-9390 


700-836 


8277-61 


17 


23-3457 


568-756 


6972-43 


18 


18-1396 


459-303 


5838-58 


19 


14-0489 


369-237 


4862-34 


20 


10-8485 


295-593 


4028-67 


21 


8-35441 


235-725 


332198 


22 


6-41766 


187-307 


2727-03 


23 


4-91853 


148-339 


2229-22 


24 


3-76152 


117-111 


181513 


25 


2-87098 


92-1892 


, 1472-47 


26 


218721 


72-3729 


1190-34 


27 


1-66343 


56-6708 


959-094 


28 


1-26303 


44-2685 


770-368 


29 


-957552 


34-5027 


616-958 


30 


-724926 


26-8335 


492-720 
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a {{D + 1)» - i'] Cp\ Venus. 



i 


p=0 


P^l 





9185-44 


163970- 


1 


9065-52 


162567- 


2 


8722-88 


158461- 


3 


8199-80 


151939- 


4 


7548-99 


143425- 


5 


6822-81 


133414- 


6 


6067-08 


122420- 


7 


5318-32 


110922- 


8 


4603-33 


99340-4 


9 


3940-00 


88020-2 


10 


3338-69 


772-25-0 


11 


2803-95 


67142-4 


12 


2336-00 


57890-6 


13 


1932-08 


49530-5 


U 


1587-52 


42077-2 


15 


1296-63 


35510-7 


16 


1053-26 


29786-5 


17 


851-310 


24843-7 


18 


684-906 


20611-9 


19 


548-705 


17016-9 


20 


437-852 


13984-5 


21 


348138 


11443-0 


22 


275-855 


9325-72 


23 


217-905 


7571-41 


24 


171-617 


6125-22 


25 


134-788 


4938-65 


26 


105-589 


3969-32 


27 


82-5145 


3180-71 


28 


64-3347 


2541-55 


29 


50-0521 


2025-38 


30 


38-8608 


1609-93 
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[sect. 



Jupiter. 



% 


a"ilo* 


a"A^i 


a"A^i 


a"^3< 





2-018865 


•0385392 


•0209301 


•00174900 


1 


•194930 


•200512 


•0086394 


•00333975 


2 


•0281439 


•0571840 


•0304292 


•00192985 


3 


•00451137 


•0136850 


•0140702 


•00522212 


4 


•000759075 


•00306243 


•00467341 


•00325231 


5 


•000131349 


•000661353 


•00133908 


•00137257 


6 


•0000231472 


•000139706 






i 


a"B^i 


a"B^i 


a"B^i 


a"Bs< 





•418302 


•490177 


•116415 


•0540404 


1 


•118939 


•255013 


•163696 


•0402207 


2 


•0284421 


•0891538 


•0991362 


•0473610 


3 


•00636279 


•0262769 


•0419796 


•0325014 


4 


•00137387 


•00704369 


•0147155 


•0160281 


5 


•000290196 


•00177743 


•00459230 


•00648290 


6 


•0000603839 


•000430147 


•00132477 


•00230235 


i 


rt"Co< 


a"Ci< 









•0930465 


•228991 






1 


•0418422 


•139507 






2 


•0137542 


•0589828 






3 


•00391946 


•0206353 






4 


•00102857 


•00642907 






5 


•000255794 


•00185218 






6 


•0000612487 


•000504318 






i 


a"D^i 











•0219945 








1 


•0128071 








2 


•00525764 








3 


•00180378 








4 


•000554293 








5 


•000158071 








6 


•0000427049 
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Mars, 



i 


a"A,i 


a"Bo* 





2-29114 


4^49988 


1 


•804571 


3-75928 


2 


•405593 


2-89074 


3 


•224607 


213691 


4 


•129983 


1-54309 


5 


•0771836 


109704 


6 


•0466132 


•771258 


7 


•0284904 


•537681 


8 


•0175701 


•372392 


9 


•0109110 


•256560 


10 


•00681334 


•175994 


11 


•00427387 


•120293 


12 


^ -00269104 


•0819691 


13 


•00169982 


•0557079 


14 


•00107664 


•0377737 


15 


•000683546 


•0255619 


16 


•000434874 


0172673 


17 


•000277173 


•0116459 


18 


•000176948 


•00784346 


19 


•000113128 


-00527580 


20 


•0000724205 


•00354460 


21 


•0000464159 


•00237898 


22 


•0000297811 


•00159513 


23 


•0000191267 


•00106861 


24 


•0000122950 


•000715304 


25 


•00000791006 


•000478450 


26 


•00000509286 


•000319801 


27 


•00000328134 


•000213621 


28 


•00000211557 


•000142609 


29 


•00000136480 


•0000951489 


30 


•000000880963 


•0000634503 



I 


a"A^i a"Aj' 


a"B^i 


a"B4 





•805995 1-07364 


19^0483 


55-6199 


1 


1-228084 1-02186 


18^4080 


55-2557 


2 


1-050895 r23434 


16^5922 


53-5762 


3 


•814457 1-30473 


14^2044 


50-3183 


4 


•604237 1-24412 


11^7054 


45-7478 


5 


•437186 M0620 


937056 


40-3654 


6 


•311182 ^936535 


733356 


34-6859 


i 


a"A^i 


a"A^i 


a"A< 


20 


•00150106 -0148967 


-0943680 


23 


•000453886 00518273 


•0379559 


26 


-000136149 00175826 


•0146198 


i 


a"B^i 


a"B^ 




20 


•0827974 


-940514 




23 


•0281560 


-361317 




26 


•00938295 


•134286 




i 


a"Co* 









16-3697 






1 


15-5930 






2 


13-8635 






3 


11-7387 






4 


9-58972 






5 


7-62374 






6 


5-93292 






20 


•0649997 






23 


-0220512 






26 


•00733458 
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AUXILIARY NUMERICAL TABLES 



[sect. 



Mercury. 



i 


a'^o* 


a'A^* 


a'A^i 


a'^3* 


a'A.i 





2081981 


•179759 


•1252855 


•0440444 


-0241364 


1 


•411U0 


•464376 


•0914646 


•0528043 


•0227489 


2 


•120179 


•257705 


•167519 


•0476530 


•0255266 


3 


•0389015 


•122616 


•138789 


•0714497 


•0252692 


4 


•0132039 


•0548838 


•0890266 


•0719791 


•0335508 


5 


•00460655 


•0237688 


•0502928 


•0563902 


-0371389 


6 


•00163624 


•0100826 


•0263323 


-0379722 


-0333614 


7 


•000588587 


•00421654 


•0131072 


•0231604 


•0257195 


8 


•000213722 


•00174517 


•00629294 


•0131806 


-0177725 


i 


a'Bff 


a'Bj< 


a'B^i 


a'Bs* 


a'B^i 





M11682 


1-977295 


b772252 


1-607113 


1-259825 


1 


•610090 


r626068 


1-834149 


1-536827 


1 265314 


2 


•289401 


1-048542 


1-589323 


1-501504 


1-214326 


3 


•129374 


•595249 


1 164074 


1-346214 


M63209 


4 


•0559922 


•312846 


•756591 


1-072807 


r062710 


5 


•0237426 


•156179 


-451861 


-770384 


-894799 


6 


•00992677 


•0751578 


-253663 


-508904 


•691321 


7 


•00410781 


•0351878 


-135874 


-314718 


•494563 


8 


•00168656 


0161264 


•0701629 


•184660 


•331247 



i 


o'Co* 


a'C^i 


a'C^i 


a'Do< 





•768937 


3^01626 


5-98351 


•619377 


1 


•586193 


2-64675 


5-68166 


-535436 


2 


•362211 


1-93221 


4-76074 


-384900 


3 


•200324 


1-24869 


3-56256 


•245667 


4 


•103463 


•741711 


2-43259 


-144511 


5 


•0510119 


•414433 


1-54498 


•0801264 


6 


-0243209 


-221116 


•926391 


•0424868 


7 


•0113048 


-113801 


•530331 


-0217562 


8 


•00515116 


•0569059 


•292314 


•0108334 



Digitized by 



Google 



V] 



VALUES OF MOON FACTORS 



61 



Valv£s of Mi and of their derivatives. Arguments in the 
Moon portions of R. 

Terms containing iV in the argument are to be multiplied by c'l' 
For brevity, -^-r- {Mi9?) has been printed n -=- Mi, 



Argument 

dn 

^ M 



dn 
d 



M, 
M, 

M, 



de 
d_ 
de 
d 







±r 



+ -99276 +10005 

- -0140 X 2 - -0835 

0- + -0107 

-1-3240 -1-3478 

+ -0540 X 2 + -3245 

0- + -0509 

+ -0842 + -1009 

+ -0558 X 2 + -2474 

0- + -0368 



±2i' 


±3r 


+ 1-259 


+ 1-65 


- -201 




+ -040 




-1-701 


-2-21 


+ -852 


+ 2-0 


± -302 


0- 


+ -141 




+ -377 





+ -029 



c^k 



M, 



^ M 



- -5390 
+ -0163 X 2 



Argument 



1 



M^ 



e 



n d 



M, 



e dn 

e dn^ '^ 
n d 
e 



M, 



- -49080 

- -2862 
+ -3108 



- -3452 

- -421 
+ -477 



- -6736 

- -799 
+ -889 



±(Z+2r) 

- -370 

- -73 
+ -83 



+ -5926 + -1813 +1-1544 + -065 

+ -7523 +11117 +2-5564 +2*151 

+ -8423 +1-3086 ±2-9124 +2-509 

e-j~ Mi = Mi with a sufficient approximation 



^{1-21') 
- -978 

-1-10 

+ 1-34 

+ 1-904 
+ 3-595 
+ 4-643 
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[sect. 



Argument 



M, 



n d 
^ dn 

'^ ^ n/r 



Argument 
1 
e 
1 
e 
1 



M, 



M, 



M, 



e 

n d 
e dn 

- -J- J/a 
e an 



M, 



n d 
e dn 



M. 



±2i 

- -0618 

- -2069 
+ -2065 

+ -0986 
+ -5453 



=fc(2z+r) 

- -0247 

- -24 
+ -24 

- 001 
+ -586 
± -582 



±(2Z-r) 

- 1078 

« 

- -73 
+ -73 

+ -230 
+ 2-614 
±2-604 



± -5441 

e -^ Mi = 2 Mi with a sufficient approximation 



Argument 


±2D 


db(2D+r) 


=fc(2D-r) 


±(2D + 2n 


=t{2D-2r) 


M, 


- -00701 


- -00291 


- -03693 


- -0042 


- -1265 


M, 


+ -9870 


-1-1735 


+ 3-1571 


+ -0826 


+ 7-1584 


M, 


+ -9868 


+ 1-1739 


±3-1561 


± -0818 


±7-1534 


L-' 


+ -0254 


+ -0103 


+ -1394 


+ -017 


+ -500 


i"' 


-1-3144 


+ 1-6697 


-4-3241 


- -239 


- 9-928 


l"' 


+ 1-3136 


±1-6709 


+ 4-3169 


+ -239 


+ 9-892 


i-- 


- -0052 


- -0013 


- -0214 


+ -009 


- -061 


i"- 


- -1445 


+ -625 


- -4104 


+ -004 


- -838 


i-' 


+ -1445 


± -625 


+ -4100 


± -004 


+ -836 



±(I-2D) 
- -08582 

-1-4897 

±1-4944 

+ -2220 
+ 1-8274 
+ 1-8518 



±(Z-2D + r) ±(Z-2D-r) ±(Z-2D + 2r) =t(i-2D-2n 

- -2948 - -0520 - -7197 - -0716 



-4-321 
± 4-349 

+ -7383 

+ 4-797 

+ 4-941 
d 



+ 1-188 
+ 1-178 

+ -2751 
- -501 
+ -440 



-9-11 
±9-21 

+ 1-785 
+ 9-01 
+ 9-67 



- -03 
± -05 

- -425 
+ -24 
+ -31 



-^Mi^Mi 
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Argument 


1 


M, 


1 


M, 


1 


M, 


n d 
e^ dn 


.¥, 


n d 


M^ 


n d 
e^ dri 


M, 



Argument 



,M, 



M, 






±(2Z-2D) 

+ -0758 

+ -6487 

+ -5969 

-- -2228 

- -8064 

+ -6010 



± (2f-2D + r) 
+ -2552 

+ 1-73 

+ 1-53 

- -663 
-1-81 
+ -93 



^^M,= m 



=t(2F-2D) 
- -2062 

+ 1-9756 

+ 1-9690 

+ -4637 
-1-9243 
+ 1-9019 



±(2F-2D + r) 
-- -8051 

+ 6-22 

+ 6-18 

+ 1-967 
--6-282 
+ 6-164 



(21 


-2D-r) 


+ 


•0785 


- 


•18 


+ 


•32 


- 


•400 


- 


•93 


+ 


•27 



Argument 


±2F 




±(2F + Z') 


± (2F - V) 


£5^' 


+ 2^9901 




+ 2-8805 


+ 3-0882 


h^' 


- -2001 




- -25 


- -37 


P^'^' 


+ '\ni 




+ -19 


+ -27 




- 2-9549 




- 2-937 


- 2-939 


P dn ^' 


+ ^3785 




+ 509 


+ -645 


'"■ ^ nr 


± -2873 




± -275 


± -349 




k 


ffi^.= 


= 2Jfi 





±(2F-2D-r) 


- -1653 


-2-31 


+ 2-31 


- -319 


+ 2-583 


+ 2-605 



k^if, = 2if, 
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AUXILIARY NUMERICAL TABLES 



[sect. 



Argument 



+ 1-0000 + -8917 +M175 



-M646 



- 10207 



1-3401 



k^J/, = Jf. 



Argament 


h-h" 


h-h" + l' 


h-h"-l' 




^ M 


-10004 


-1-0838 


- -9285 






+ 116399 


+ 1-3385 


+ 1-0256 


>> 


Argument 


2T-h'h" 


2T-h-h" + V 


2T-h-h"-V 




E*. 


- -0457 


- -1887 


- -0041 




Ik"' 


+ 1213 


+ -7669 


- -0592 


»> 


Argument 


2I) + h-h" 


2D + h-h"+V 


2D + h-h"-l' 




l"' 


+ 0355 


+ -1421 


- -0078 




if„«- 


- -0857 


- -3682 


+ -0227 


)) 



Argument 
M, 

Mt+ Mi 
M,-M, 

Argument 
M3+M3 

Argument 

Argument 

M^ + M^ 

Argument 
ife + ify 



D 
+ 1132 

+ •7182 
- -OlSOi 

4D-Z-2F 
+ -01108 
+ -02282 
- -00066] 



4D-3« 

- -002258 

- -04854 

- -00066 



4D-4F 
-00 

- 0334 

- -0004J 



/-2F 3Z-2D 

-3-497 ) +-02080^ 

- -3876 [ek« + -04856 [e^ 

)) --O7420J 



-9779) 



ek^ 



D-21 
--1387) 
+ -048 
+ •310 



e^tti 



3D-2F 
+ -09511 
+ 1-960 
- -006 



k^ai 



l+2g + h-h" 
-l-49ek 

D 
+ 1-972 

- -0280 

- -0139 

- -000 

3D-2F 

- -326 
+ -012 
+ 1-959 

•OOOJ 



+ •49ek 



D-V 
+ 5143 

- ^134 

- ^058 
+ ^0009 

3D - 2F - V 
+ -62 

•0 
-.3-48 

•0 ) 



D + Z' 
+ •815 ^ 
-•056 
-•389 

+ -ooosj 



-2Z-2^ + ;i-^" 

- •989k» 

Z-D 
- -4620^ 
, -2-465 
+ -0051 
+ -0227; 



+ 00396 

- -04627 

- -58098 J 

^g-\r^h-h"-2T 
- -0154e'k 

Z+r-D 
-1-38 
-5-68 
+ 023 
+ -089j 



k^e' 
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Extract from the computations for illustration of the method. 



factor e 



(0' 



Leverrier (270)» = (112), t = 26; K' = A' 

Lev. coef. - [\ (27 + 65i+ 42i« + 8i«) 4,* + J (17 + 1 7t + 4^2) A^' + (5 + 2i) A^' + Af\ ^0 

P=28453i4o + 1581-5ili + 57^2+.48 fori =26 

Z>P = 30034-5^1 + 3277^2 + 174^48 + 4^, [DKj, = {p + \) K^^i + pKp\ 

From the tables for Venus P = + 6-568, Z>P= + 178-87, {(/) + l)^-i^} P = 829-8 = Pi 



Factor gV P8 = 26(2> + 2) 7^= + 4992, ^2 = JP^ + (2> + 2) P+(262-l) /^=- 



5041 



« = - 27-85 



log 

+ 31104 

- -0063 
6-6829 
1-0396 

prod. -2-8392 
7-7707 



f 
e 



1 

r 

e 



GT 



log 
- 2-5552 

2-0068 
- 1-0396 

- 1-6016 
insen. 



fac. -4-6099 



^^ = hiA. JlAlJlAl insensible 

r 8 8 

P, +2-9190 HA + A) +3-7003 \{P^-I\) +1-3892 
M^ -1-6909 J/2-J/3 +2-3909 M^+ M^ -1-7760 
fac. -4-6099 fac. -4-6099 fac. -4-6099 



+ T-2198 
+ 0"-166 



-2-7011 
-0"-050 



+ 3-7751 
+ 0"-006 



Portion in this term depending on 



(ft" 



All found from the tables except 

[(i) + l)2_262]^3% 

which is only needed within 50°/^ of 
value. It can be computed from the 
formulae, but the following estimate 
with sufficient accuracy : 



^9 



1-8724 
62-82 
1047-9 



jE^3 (est.) 12000- 



its true 
general 
gives it 

53270 
. 99360 
- 59730 
■ 12000 



- 224000 



etc. 



Replace A^,' by - y"^ V = -\ W'' + ^/+^) 
The three parts are 



p 


-5-3502 


-5-7466 


- 4-0055 


M 


-1-6909 


+ 2-3909 


-T-7760 


fac. 


-4-6099 


-4-6099 


-4-6099 


/^ 


4-9429 


4-9429 


4-9429 




-2-5939 


+ 3-6903 


-3-3343 




-0"-039 


+ 0"-005 


-0"-002 



BR. 
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<^ = (/) + (29^ - 26 F- 3ot'), factor e (^X . 

9) • 

Levr. coef. =(272)*-(114), i = 26, K' = A^ 
(114) = ^V(243-858t-1317t^-926t'»-288i*-32i«)^* 

+ ^(93-416t-741t2-344i«-48i*)^/+i(309 + 163t-6i^~8t«)^^ 
4 J (123 + 5H + 4i») ^* + (29 + 6i) J,* + 5A,^ 

1=26 Pi 

[(2) + 1)2 _ i^] ^^< + -008038 - 177200 Resulting coefficients. 

A^*+ -2364 -280300 From A -0"006 (-^ of prin. pt.) 

A,'+ 3-417 - 79800 ' P, + F, _^^..^n 

^/+ 32-47 + 67500 » "2~" +^ ^^ 

„ A^^+ 270- (est.) + 50000 P,-P« 

^*+ 2000- (est.) +10000 » g"^ -0"-000 



- 410000 



(0" 



Portion with factor e 



Levr. coef . is approx. 4 times that for f - j , and -73 = J approx. ; therefore take f of 



-xj . We obtain 

from Pi -0"-004 

P -I- P 
,, ^^^^ +0"-001 



^ = (l + l') + (28r- 26F- 2ot ), factor ee' . ^|) , ^term ee'~y"^ est. = J of principal part.^ 
Same method gives from P, +0"008 

- 0"007 



2 



•000 



Other terms insensible. 



Summary for argument (Z) + (29^- 26 7- 3ot) 
Factor ^ » A + A A- A 







2 ' 


2 


& 


+ 0"166 


-0"050 


+ 0"-006 


(i)> 


39 


+ 5 


2 


«)■ 


6 


+ 2 




(0"©' 


4 


+ 1 




'(S'<>.r'^ 


+ 7 


7 





ee 

+ 0"124 - 0"-049 + 0"-004 = + 0"-079 
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The terms and coefficients retained and calculated by the sieve. 



Argument 


\'\ 


loglCI 


T 


3548 


-1-2 


4T-3V 


3110 


-1-4 


iT-2V 


2656 


-1-5 


T-V 


2220 


+ -1 


62'-4r 


1782 


-1-3 


1T-V 


1328 


-10 


ST-2V 


891 


-1-8 


8T-5V 


453 


-1-5 


5T-3V 


438 


- -7 


\3T-8V 


15 


-2-0 


2h-8T+5r 


71 


- -3 


„ -5r+3F 


820 


-1-7 


2ff+2h-lOT+6V 


74 


-11 


„ - 5T+3V 


364 


-10 


g+h-5T+3V 


37 


- -3 


h-er+iv 


1592 


-1-8 


h-3T+2r 


700 


-1-8 


h-8T+5r 


263 


-1-0 


h+5T-3V 


247 


-1-6 


h-5T+3V 


629 


- -9 


1+ 3T-10V 


1-85 


00 


l+UT-18r 


13 


+ 1-7 


l+2l{T- V) 


425 


- -3 


l + 2iT-23V 


467 


- -9 


1+2QT-26V 


28 


+ -1 


I +22 (T-V) 


1795 


-1-5 


(2D-0+ 8T-I2r 


87 


-1-2 


„ +2ir-2or 


102 


+ 1-0 


„ +13T-\5V 


351 


- -7 


„ +26T-23r 


336 


-1-3 


„ +i6r-i7r 


541 


-1-2 


„ +i8r-i8r 


789 


- 1 


„ +2iT-23r 


993 


-1-7 


„ + 23T- 21 V 


1226 


-1-7 


„ +19r-19F 


1431 


-10 



5-2 
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Argument 


l<l 


log|C| 


(2D-0 + 202'-19r 


2117 


-1-5 


„ +22r-21F 


2321 


-1-7 


„ +172'- 17 F 


3009 


-1-3 


„ +207"- 20 r 


3651 


-1-7 


D + 122'-15F 


50 


-1-6 


D + 25r-23F 


65 


- -4 


D + 202'-20r 


505 


-11 


3D-2F+19r-18r 


6-4 


+ -1 


F+24r-23r 


125 


-1-6 


2D-F + 18r-18r 


197 


-1-8 


iT)-l-2F+l5T-\5V 


32 


+ -9 


3D-F-l+UT-nV 


162 


- -2 


2D-2F + ^+232'-21F 


43 


- -9 


+ 18r-18F 


395 


-1-6 


D + Z-F + 222'-21F 


234 


-1-3 


+ 17r-18F 


204 


- -7 


D-Z + F + 207'-20F 


88 


- -5 


3Z-2D + 24r-24F 


62 


- -7 


4D-3^+18r-17F 


232 


-1-3 


2;-D + 20r-21F 


24 


-1-7 


3D-2F + 197'-18F 


6-4 


+ -1 


3D-2Z+177'-17F 


138 


-1-5 


4D-2F-3;-177'+21F 


4-6 


-1-4 


D + ;-3P-26r+25r 


18 


-1-5 


3D + F-3Z + 252'-22F 


0-07 


+ 2-3 


2D + 347- 36 F 


775 


-1-7 


„ +372'- 38 F 


116 


- -5 


„ +427'- 41 F 


322 


-11 


„ +29r-33F 


338 


-1-5 


2;+327'-36F 


26 


-1-7 


D-3F-422'+43F 


4-45 


-1-2 


3D + F-2; + 287'-32F 


1-70 


-M 


2B-l + 5T-4:Q 


449 


-1-3 


„ + T-3Q 


90 


— "2 


l+ST- 4Q 


1251 


-1-6 


2J) + 8r-8Q 


1700 


-1-3 


„ +iT-7Q 


1161 


-1-2 
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Argument 


l»l 


log|C| 


3D-P + i+2r-3e 


100 


- ^9 


2F-l + 3T-iQ 


68 


-11 


T-J 


3200 


- -7 


1(T-J) 


6400 


-1-6 


J 


299 


- -5 


T-2J 


2900 


-18 


IJ 


598 


-1-8 


h + J 


108 


-13 


h-IJ 


789 


-1-8 


ih-^J 


980 


-1-4 


2h-J 


681 


-13 


(2A+2^)-2J" 


204 


- 1 


„ -3J" 


93 


- -7 


» -J 


503 


- -9 


„ -4J 


395 


-1-7 


g+/i~J 


102 


- 7 


g-2J 


6 57 


-16 


T-M 


1662 


-16 


1T-1M 


3323 


-1-9 


2T-3M 


1437 


-18 


T-2M 


225 


-11 


2T-iM 


450 


-1^8 


h-T+2M 


34 


-10 


2g-k-2h-¥iT-QM 


127 


-1^7 


ih + bT-^M 


•80 


- •e 


2g + h + 7T-iiI 


5-46 


-14 


1-2%T+24M 


57 


-1^3 


2D-1-20T+16M 


40 


- -2 


T>-23T+20M 


8-65 


- ^5 


iJ)-l-2F-20{T-M) 


28 


-1-7 


3D-F-1-20T+18M 


604 


- 4 


iD-3l-23T+25M 


•58 


+ 1-4 


S 


120 


computed 
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SECTION VI. 

INEQUALITIES IN LONGITUDE, LATITUDE AND PARALLAX DUE TO 
THE DIRECT ACTION OF THE PLANETS. 

In all cases ^ denotes the argument of the primary term. 

When a primary term consists of two or more terms of the same period 
but with different arguments, the latter are denoted by <f>o-\- where G 
depends on h", m, tr", and on the coefficients. Each term is set down. The 
single term, argument <^, which is obtained by combining them, is then 
given. The secondary terms, arguments ^+<^', where 0' consists of the lunar 
arguments only, follow. Secondary terms having the same arguments as 
certain primary terms have not been added to the latter but are given 
separately in their proper places. (See Addendum.) 

Coefficients of Sines in Longitude. 
Venus, Short Period Primaries. 

^=i(r-F) 



i 





0±! 


0±(2D-I) 


0±2i) 


<pi^2l 


1 


+ 0"-478 


+ 0"-076 


-0"005 


+ 0"-006 


+ 0"-005 


2 


+ 195 


+ 33 




+ 2 


+ 2 


3 ' 


+ 102 


+ 19 








4 


+ 59 


+ 12 








5 


+ 35 


+ 8 








6 


+ 22 


+ 5 








7 


+ 14 


+ 4 








8 


+ 9 


+ 2 








9 


+ 6 










10 


+ 5 










11 


+ 3 










12 


+ 2 
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SECT. VI] VENUS TERMS IN LONGITUDE 71 

<f>=l' + i{T-V) 4, = l" + i(T-V) 



i 





0±z 


-3 


-0"-002 




-2 


5 




-1 


10 







20 


-0"003 


1 


65 


11 


2 


+ 102 


+ 19 


3 


+ 28 


+ 6 


4 


+ 15 


+ 2 


5 


+ 10 


+ 2 


6 


+ 7 




7 


+ 6 




8 


+ 3 




9 


+ 2 




10 


+ 2 





4> = 2l' + i{T- V) 



i 





0±I 


1 


- 0"002 




2 


3 




3 


15 


- 0"-002 


4 


+ 3 




5 


+ 1 





<i>=V + l"-\ri{T-V) 



i 





0±Z 


2 


+ 0"-002 




3 


+ 3 




4 


+ 12 


+ -002 


5 


3 





% 





<p^l 


-1 


+ 0"-001 







+ 3 




1 


+ 7 




2 


+ 20 


+ 0"-004 


3 


32 


7 


4 


9 




5 


5 




6 


3 




7 


2 





^ = iT-(i-2)F-2r 



i 


* 


0±2 





- 0"-002 




1 


3 




2 


4 




3 


5 




4 


7 


1 


5 


35 


- 0"-006 


6 


+ 7 


+ 1 


7 


+ 3 




8 


+ 2 





4> = 2r + 5{T-V) 
- 0"002 
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72 INEQUALITIES DUE TO DlRECfT ACTION 



[sect. 



t 





-17 


- 0"002 


-16 


3 


-15 


3 


-14 


4 


-13 


5 


-12 


7 


-11 


9 


-10 


10 


- 9 


12 


- 8 


15 


- 7 


17 


- 6 


20 


- 5 


25 


- 4 


28 


- 3 


32 


- 2 


32 


- 1 


30 





23 


1 


12 


2 


7 


3 


5 


4 


3 


5 


2 



<f>=2D-r+i(T-V) 



i 


<P 


-6 


- 0"-001 


-5 


1 


-4 


1 


-3 


2 


-2 


2 


-1 


2 





1 



i 


<t> 


<P + l 


iP + l-2D 


<t> + 2l 


-17 






+ 0"002 






-16 






+ 3 






-15 






-K 4 






-14 






+ 6 






-13 






+ 8 


- 0"-002 




-12 






+ 10 


2 




-11 


+ 


"•002 


+ 13 


3 




-10 


+ 


3 


+ 17 


3 




- 9 


+ 


3 


+ 22 


4 




- 8 


+ 


4 


+ 27 


6 


+ 0"-002 


- 7 


+ 


5 


+ 32 


6 


+ 2 


- 6 


+ 


6 


+ 39 


8 


+ 2 


- 5 


+ 


7 


+ 46 


9 


+ 3 


- 4 


+ 


8 


+ 53 


11 


+ 3 


- 3 


+ 


10 


+ 58 


12 


+ 4 


- 2 


+ 


11 


+ 60 


12 


+ 4 


- 1 


+ 


11 


+ 57 


11 


+ 4 





-t- 


9 


+ 46 


• 


+ 3 


1 


+ 


5 


+ 26 


5 


+ 2 


2 


+ 


4 


-h 17 


3 




3 


+ 


3 


+ 12 


2 




4 


+ 


2 


+ 9 


2 




5 






+ 7 


1 




6 






+ 5 


1 




7 






+ 4 






8 






+ 3 






9 






+ 2 






10 






+ 1 







The argument vanishea identically and the term disappears. 
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VI] 



VENUS TERMS IN LONGITUDE 



73 



<t> = l + i{T-V) 



4> = i + r + iiT-V) 



i 


<P 


0-Z 


0-Z+2D 


-14 




+ 0"-001 




-13 




+ 2 




-12 




+ 3 




-11 




+ 3 




-10 




+ 4 




- 9 




+ 5 


- 0"-001 


- 8 




+ 6 


1 


- 7 




+ 8 


2 


- 6 




+ 10 


2 


- 5 


+ 0"-002 


+ 12 


2 


- 4 


+ 3 


+ 15 


3 


- 3 


+ 3 


+ 18 


4 


- 2 


+ 4 


+ 20 


4 


- 1 


+ 5 


+ 21 


4 





+ 5t 


* 


4 


1 


+ 3 


+ 17 


3 


2 


+ 3 


+ . 13 


3 


3 


+ 2 


+ 11 


2 


4 




+ 9 


2 


5 




+ 7 




6 




+ 6 




7 




+ 5 




8 




+ 4 


' 


9 




+ 3 




10 




+ 2 





i 





4,-1 







+ 0"-001 


1 




+ 2 


2 
3 
4 


0) 

1 


+ 2 

4 1 
+ 1 


6 




+ 1 


6 




+ 1 



j> = l-l'-i{T-V) 



* Argument is zero. 

t Argument is I and this coefl&cient therefore pro- 
duces a slight change in the value of e^ which is 
however too small to affect any term sensibly. 



i 


* 


0-J 


-1 




+ 0"-001 







+ 1 


1 




+ 2 


2 




+ 3 


3 




+ 3 


4 


"2 


+ 3 


5 
6 


•3 


+ 3 

+ 2 


7 




+ 2 


8 




+ 2 


9 




+ 2 


10 




+ 1 


11 




+ 1 
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74 INEQUALITIES DUE TO DIRECT ACTION [SECT. 

(f, = 2D-l-l'-i(T-r) 4,= 2D + l + i(T-V) 



i 


<t> 


1 

+ / 


0+J-2D 


-1 






1 

+ 0"-002 











+ 4 




1 


+ 


1 


+ 7 


- 0"001 


2 


+ 


1 


+ 8 


2 


3 


+ 


2 


+ 9 


2 


4 


+ 


1 


+ 10 


2 


5 


+ 


1 


+ 9 


2 


6 


+ 


1 


+ 9 


2 


7 


+ 


1 


1 + 9 


2 


8 


+ 


1 


+ 7 


1 


9 






! + 6 


1 


10 






+ 6 


1 


11 






+ 4 




12 






+ 3 




13 






+ 3 




14 






+ 2 




15 






+ 2 





i 


<P 


<p-l 


-13 




-0"001 


-12 




1 


-11 




2 


-10 




2 


- 9 




3 


- 8 




3 


- 7 

- 6 

- 5 


i 


4 
4 
5 


- 4 


6 


- 3 




6 


- 2 




6 


- 1 




6 







5 


1 




2 


2 




1 



<^ = 2i)-i-r-i(r-F) 



i 


<P 


0+z 


2 




- 0"-002 


3 




2 


4 




3 


5 

6 
7 
8 




3 
3 
3 
3 


9 




2 


10 




- 2 


11 




— 2 
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VI] 



VENUS TEEMS IN LONGITUDE 



75 



<l> = 2l-2D + i{T~r) 



i 








-I 


+ i 


0-Z + 2D 


0- 


-21 


<t>-2l + 2D 


-5 




-0" 


•002 












-4 




- 


3 












-3 




- 


4 












-2 




- 


7 












-1 




- 


13 




+ 0"-003 











- 0"'002 


- 


30 




t 


-0" 


•002 




1 


4 


- 


58 




+ 12 


- 


"4 




2 


11 


— 


140 




+ 28 


- 


10 


+ 0"-003 


3 


76* 


+ 


722 


- 0"-007 


- 147 


+ 


49 


13 


4 


+ 3 


+ 


95 




19 


+ 


6 


2 


5 




+ 


46 




9 


+ 


3 




6 




+ 


28 




6 


+ 


2 




7 




+ 


18 




4 








8 




+ 


12 




2 








9 




+ 


9 












10 




+ 


6 












11 




+ 


4 












12 




+ 


3 












13 




+ 


2 












14 




+ 


2 













* «= -363-9, period =9S years, 
t See second note on p. 73. 



i 


+ 2D 


0-2D 


<p-l-2D 


<p-l + V 


<p-l~V 


0-?-r+2D 


0-2Z + 4D 


0-3Z 


3 


-0"010 


+ 0"-008 


+ 0"007 


+ 0"^005 


- 0"-004 


- 0"-007 


~0"-002 


+ 0"-003 
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76 



INEQUALITIES DUE TO DIBECT ACTION 
<l, = 2l-2D + l' + i{T-V) 



[sect. 



i 


<P 


<P 


-I 


4>-l-\-2D 


4>-2l 


1 


-0" 


•003 






2 




- 


6 






3 




- 


12 


+ 0"-002 




4 


-^0"-005 1 


- 


42 


+ 9 


-0"003 


5 




+ 


34 


7 


+ 2 


6 




+ 


12 


2 




7 




+ 


7 






8 




+ 


5 






9 




+ 


4 






10 




+ 


2 







il>=-2l-2D + l" + i(T- V) 



i 





4,-1 


0-J+2K 


3 




+ 0"-002 




4 
5 
6 


•s 

i 

•ft 


+ 4 

+ 13 

10 


-0"-003 

+ 2 


7 


4 




8 




2 





<f> = 2l-2D-l' + i(T-V) 



i 





4>-l 



-1 


ins. 


~0"-002 
5 



See long period terms. 



<l> = 2l-2D-l" + iiT-r) 



i 





0-i 





ins. 


+ 0"004 



<t> = ht [(i + 2)r-iF} 
See long period terms. 



Digitized by 



Google 



VI] VENUS TERMS IN LONGITUDE 77 

Venus. Long Period Primaries, 

<f>o = ST-5V, s = -452"-9 <f>, =^ 1ST ^ SV, s = -U'''S5 

period 7-8 years period 239 years 

t^,-tsr'-2r +0"-007 

</)o-tJ7"-2A" - 2 

<^o — 3tzr' + 1 

<Pq — 2z«7 — w — 1 

if>o + ur = <i> + o"-oo7 



^^-■m'-ih" 


+ 0"-0028 


<^„-w"-4r 


9 


.f>„-3m'-2h" 


+ 31 


^,~2w'-w"-W 


30 


^0 - ■nr' — 2ar" — 2/t" 


+ 10 


^0 — Sot" — 2A" 


1 


^D — 39 = </> 


+ 0"-003 



period 1920 years 

<t,±l +0"-019 

t^ ± (Z - 22>) + 4 

t^ + 22> + 4 



<^o ~ "zs"' — 6A." 


+ 0"-34 


<^o ~ "zs"" — 6A." 


5 


<^o — 3tzr' — ^h" 


+ 7 


<^o - 2tar' - m" - 4/i" 


5 


<^o-tsr'-2t«r"-4r 


+ 1 


<^o - 5zi7' - 2/t" 


+ 1 


<^o — 4z«7' — tzr" — 2A" 


1 


<^,+ 33° = t^ 


+ 0"-35 





^. = - z - ler + 18 F, « = + i3"-oi 

period 273 years 

<i,,-1h" -13"-99 4, + 1 -0"-766 .^ + (2Z)-i-0 -0"-008 

4,^-iw' - 66 .^-i - 815 4, + l--l' - 5 

^^-■m'-w" + 71 .^ + 2i>-i - 159 4,-1 + V - 6 

<^„-2w" - 20 4,-2D + l - 168 <l>±'iF + 29 

<^][-w' + w"-2A" - 8 <^±(2Z) + - 20 .^±3< - 4 

^^ + ^'-^"-2h" - 27 <^ + 22) - 166 <l>±{AD-2l) - 2 

<^„ + 2w'-4r - 6 <I>-2D - 168 <^±(4Z)-0 - 4 

<^, + t^' + ra"-4r + 5 <^+2^ - 52 ^±(2F+l) + 5 

<t>,+ 2m'--ih" - 1 <^-2i - 55 <^±(2F-0 + 2 

A„- 151° 00'= A -14"-55 ^±(2i>-0 - !• 

^5 ^ <^+Z) + 5 

<f>±{l + l') + 4 
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78 INEQUALITIES DUE TO DIRECT ACTION [SECT. 

<^o = / + 29T-26F, 5 = -27"-85 = / + 21(r-F), 5 = 425"-0 
period 127 years period 84 years 

<f>o-m'-2h'' +0"-096 <l> + 0^^-030 

it>o-m'^2h" - 25 it>^l + 0"-005 

<l>o-^' +79 f^H-Z + 0"-002 

^0 — 2m' — tzr" — 71 

if>o-m''2m' + 22 <^ = Z+ 22 (T- F), 5 = - 1795" 



period 2*0 years 



<Pq — ow — 2 

j-'-'r:-:?:^ ? ^ .0-002 

<^o + ^ - 2zir - 2h - 1 ^^- 



^0 — 4z«7' + tzr" — 1 



<^o = / + 24r- 23 F, s = - 465"-8 



«^o + 112'^ = «^ +0M08 

^±1 +0''-006 period 7-6 years 

i^o-'ar' +0"-009 

i>o — ^'^ ^ 3 

<^ o-88°=<^ +0^^-006 

<^ = 2D-/+18(r-F), 5=788"-8 <^= 2Z)-Z + 19(r- F), s = ~1430"-7 
period 3*5 years period 2*5 years 

if> +0^^-011 <f> + 0^^-002 

^ + Z +0"-003 

<^o = i-2i)-8r+12F, s = + 87"07 <^=/-2Z)-13r+loF-2r, s=-35r 
period 41 years period 10 years 

^^ _ U" - 0"-032 4> - 0^^-025 

<l>,-2w'-'2h" - 2 ^-Z -0"-004 

c^o-CT -CT^-2^^^ + 1 

4>o-'l23'' = <t> +0"-033 

0o = i-2i)-16r+17F, s = 539"-9 <^o = 2/)~/ + 2ir-20F, s = -10r-9 
period 6*6 years period 35 years 



<^o — ar' 


+ 0"004 


<^o — n^' 




+ 0"-171 


<^o — w" 


2 


^0 - ''^ 




52 


.^0-73° 


= .^ +0"003 






3 

+ 1 






^0 - 87° 00' = 


-.^ 


+ 0"-l26 






d>+l 




+ 0"010 






<I>-1 




+ 0"-007 
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Vl] VENUS TERMS IN LONGITUDE 79 

<^o = 2Z-2i) + 8r-6F,5 = 74"06 <^ = 2/ -22) + 7^-57+ 15°, 5 = 2296" 
period 48 years period 1*5 years 

if>Q — 2h" — 0"*036 (f) insensible 

4»-^l +0"-004 

<^=2«-2Z)+9r-7F+20°, s=-2145" 
period 1'7 years 
<^ insensible 

'^l -0"-003 



<Pq— 2'zzr 


56 


<^o — '^ — "^ 


+ 35 


4>o-^" 


5 


4>„+\rzo'=4> 


+ 0"-065 


4,-2D 


+ 0"-002 


^-l 


+ 86 


<t> + l 


+ 5 


if> + 2D-l 


16 


if,-2l 


+ 6 


4>-2l + 2I) 


2 



<f>^2F-2D + S(T-VX 5 = 819"-5 <f>,=^2F-2B + 6T-5V, s = -7i;'-27 
period 4*3 years period 50 years 

<^ ~0"-002 <^o-'nr' +0"'071 

^^2F +0"-002 



^0- 


-m" 




- 


21 


<^« 


-90° 


= «^ 


+ 0" 


•054 



t^±^ +0"-003 

^^2F -0"-003 

<^ = 3Z-2i)+24(r-F),s = 6r-07 <^ = 4Z)-Z-2i^+ 15(7- F), .9=-30"-7 
period 58 years period 116 years 

<l> +0"-010 <f> -0"-002 





<^ s 


period 


coef. primary secondary 


h- 


-^T+2V + h" -2848" 


1^ years 


+ 0"-005 


h- 


-5T+3V + h" - 628"-7 


5 '2 years 


+ 0"-016 il>-2F +0"'003 


h- 


•6T+4V + h" + 1590-8 


2-2 years 


- 0"-009 


h~ 


.7r+5r+r + 3810- 


0*9 years 


- 0"003 


<^0 


= Z+2^+/t+19r-20F, s=88" 


•85 <^ = 


i+A+16r-18F+/t", s=-203"-8 




period 40 years 




period 17 years 




i^o + 'ST'-h" -0"-003 




<^ + 0"-008 




<^o + ^" ~ 4" + 2 








.^0 + 166° = ^ +0"-002 
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INEQUALITIES DUE TO DIRECT ACTION 



[sect. 



<^=Z+c^+24r-23F-A",5=125"-9<^=Z+45r+3A+24T-22F-3A",s=-0"-07» 

period 28 years period 50000 years 

if> +0"-003 if> + 0"'02 



<^o = ~i>-12T+15F, « = oO"0 
period 71 years 

^o-tjr'-2r -0"-008 



<^o — '^" "" 2A" 


5 


^0-82^=..^ 


+ 0"013 



<^o = i> + 25r-23F, « = -64"-9 

period 54 years 

t^o - 2A" + 0"-006 

<^o-2^' + 12 

<f>Q — w' — w" — 6 

<^o - 2t3;^^ + 1 

<^o+190° = t^ +0"-013 



<^o = 3i)-2i^+19r-18F, s = G"-33 
period 560 years 



* 



-0"013 



(^=Z) + 20(T-F), s = -502"-8 
period 7*1 years 
4i + 0"-002 



<^o = /-i) + 4T-3F, s = 37"03 
period 94 years 



if^^-w -0"•059^ 

f^Q — m" + 18 

<^o + CT-2A" - 1 

<^o + 93'' +0"-044j 



from term 
of R fac- 
tored by — 



*o-88' 



+ 0"-005. 

— 0"'002' from first 



4>o-'^' 




+ 0"-003 


*^o + 93" = </» 


+ 0"-040 


if>n - 73" 




-0"001 


4>-l 


+ 0"-029 


<t>o - 88" = 


</> 


+ 0"-002 


4» + 2D-l 
it>-2l 


+ 0"-002 
- 0"-005 
+ 0"-002 


Venus 




-0"0152 






Mercury 




1 






Jupiter 




+ 24 






Mars 




+ 3 







* This period is approximate only. But the coefficient is insensible to observation whatever 
be the period. 
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VI] 



JUPITEE TERMS IN LONGITUDE 



81 



Jupiter. Short Period Primaries. 
<t> = i(T-J) <t> = J-i(T- J) + 174:° 



i 


<P 


<p±l 


1 
2 


- 0"-069 

- 0"-001 


- 0"-008 
~0"-005 



<f> = 2D + i(T-J) 



i 


<P 


1 
2 
3 
4 


- 0"-002 

22 

10 

3 



il> = l-2L + i(T-J) 



i 





4>-l 


0-«+2D 







-0"-002 




-1 




4 




-2 


-0"-007 


39 


+ 0"008 


-3 


3 


17 


+ 3 


-4 




5 





I 


<P 


<p:kl 



1 
2 


See long period primaries 
-0"-011 
~0"-002 


- 0"-002 



<t> = l-yi{T-J) 



i 





<p-l 


-1 




+ 0"-003 







* 


1 




+ 0"-003 


2 


+ 0"-002 


+ 7 


3 


+ 1 


+ 3 





1 

2 

-3 
-4 



* The argument is zero. 







insensible 



insensible 



<p-l 



- 0"-003 
7 
See long period 
+ 23 
+ 4 



0-Z+2D 



+ 0"-001 



primaries 



- 0"-005 



<P' n 



+ 0"002 



<^=2Z-2i> + r-hi(r-j) 



insensible 



b-l 



+ 0"-006 



See long period primaries 



BR. 



<^=2i) + Z + i(e/-r) 



t 





0-J 


-2 
-3 


-0"-001 


-0"-005 
- 0"-002 
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82 INEQUALITIES DUE TO DIRECT ACTION [SECT. 

JupUer, Long Period Primaries, 

<^o = t/, « = 29ri3 <^o = 2J, « = 598"'3 

period 11*8 years period 5*9 years 



^ — ot" 




-0" 


•208 


^,-2«r" 




-0"^008 


^ — w' 




+ 0" 


•021 


^0 — BT — OT 


+ 0"^001 


.^„+173°50' = 


4> 


+ 0" 


•209 


4>,-2h" 
<K+162'" = 


■<t> 


-0"^001 


it,±l 




+ 0"O21 


+ 0"009 


^+22) 




+ 0"-002 








^ = 2l-2D-2{T- 


J),s = 


-203"58 


^ = 2i-2i) + 


SJ- 


- 27, a = 95"- 


period 15"£ 


• years 




period 


37 


years 


* 


-( 


()"-187 




^ — vs 




-0"190 


.k-l 


+ 


0"-811 




<^-«r' 




+ 0"-017 


iji + l 


— 


7 




<^+173''16' = 


<!> 


+ 0"^190 


<l,-l+2D 


— 


•170 




4f-l 




+ 0"-306 


4,-l-2D 


+ 


7 




<t> + l 




+ 5 


if, -21 


+ 


56 




4>-l + 2D 




58 


4>-2l + 2D 


— 


15 




<l,-l-2D 




+ 3 


4,-l-V 


— 


4 




if, -21 




+ 20 


^-l-V + 2D 


- 


8 




if,-2D 




+ 6 


^-l + t 


+ 


5 




4> + 2D 




2 


^-Zl 


+ 


4 




4,-2l+2D 




6 


if>+2D 


— 


13 




^-l-e+2D 




3 


4,-2D 


+ 


9 




^-l + V 




+ 2 


4,-21 + iD 


— 


2 




A-l-l' + 2D 




3 



ifi^l + l' + 2 

<^ = 2i - 2D + J-2T-\-w\ «=-502"-6 <^=2Z-2i)+4/-.2r-2isr", 5=394"-7 

period 7 years period 9 years 

<l> insensible ^ -(y'*002 

^Z] -0"007 ^^l -0"009 

i^-Z + 22> +0"-002 

<^ = 2D - 2^+ 2 {T-J\ « = - 979"-8 ^fy^h + J- K\ a = 108"-36 

period 3-6 years period- 33 years 

it> + 0^^-002 <^ -0"-004 
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VI] MARS TERMS IN LONGITUDE 

Mara. Short Period Primaries. 
^ = i(T-M) if>o = M + i{M-T) 



83 



t 





0±{ 


1 


-0"-019 


-0"002 


2 


8 




3 


3 




4 


2 





i 


^o-W 


^-W 


-1 


- 0"-002 







5 




1 


55 


+ 0"-008 See long period 


2 


+ 9 


— 1 primaries 


3 


+ 4 





4>„ = 2M + {(M-T) 



>I> = 3M+S(M-T)-Svr" 



i 


0o-2or" 


*a-ro'-or" 


^=00 + 68° 


1 


-0"-002 




-0"-002 


2 


10 


+ 0"003 


12 


3 


+ 4 


1 


+ 5 


4 


+ 2 




+ 2 


5 


+ 1 




+ 1 



i 





3 
4 


-0"-002 
+ 1 



</> = 2i-2D + i(Jlf-r) 



t 





<f,-l 


0-J+2D 


2 




-0"-002 




3 




5 




4 


-0"-002 


+ 17 


- 0"003 


5 




+ 3 




6 




+ 1 





^, = 2i - 2i) + i (I* - -Sf ) + if 



t 


00 -w" 


00 -w' 


00+211°- J 


-4 
-5 
-6 


-0"-014 


+ 0"-002 


-0"003 

See long period primaries 

+ 0"-003 



6—2 
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84 INEQUALITIES DUE TO DIRECT ACTION [SECT. 

Mars, Long Period Primaries, 

<^o = 2Af-r,« = 224"-8 0o = 2Z-2i) + 6if-5T, « = -127"-31 

period 16 years period 28 years 

^^-m" -0"-055 ^-m" -0"-0U 

^Pq-'W + 8 ^ — ZET + 2 

<^o+213° = <^ +0"060 f^o + 2ir = i^ +0"'015 

^±1 +0"O07 4,-- 1 -0"-038 

fl>^U2D + 8 

<I>-21 - 3 

<^o=2i-2i) + 8Af-6r, « = + 97"-56 

period 38 years 

<^o-2m" -0"-015 





<Pq— 'CJ — tET 


+ 5 




<^o-2w' 


1 




<., + 63"'=<^ 


-0"-019 




^-i 


-0"030 




^-i + 22) 


+ 6 




^-2i 


2 




<^ + 2 


1 


<f>0 = 


= 4D - 3f + 25JI/ - 23T, « = - 0"-58 


<^. = A + 2ilf-T,« = 34"-07 




period 6000 years 


period 104 years 




^,-2w" +0"-03 


.^,-w"-A" -0"-015 




.^a-w'-ar" - 1 


^0 - w' - A" + 2 




.^0-113"' = ^ -0"-04 


^„+165° = .^ +0"-017 




^+1 -0"O02 

Mercurv. No Short 


Period Primaries. 



Long Period Primaries. 

<^o = i-2i)-r+3Q.5 = -90"-36 <^o = 2i>-i4 5r-4Q,« = -449"-3 
period 39 years period 7*9 years 

^^-2m" -0"-047 ^o-«^" -0"-004 

<^o"~^"~^ + 3 <I>Q — m + 1 

^0-^^^^ ^0 <^o + 113° = </> +0"-003 

< />o-t-75° = <^ 4-0"075 

<^--^ +0"-006 

«/» + ^ + 0"-004 
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VI] 



VENUS TEKMS IN LATITUDE 



85 



0o = -2^+Z-3r+4Q,a = 67"-75 = Z + 2^ + 3A-T- 3Q+r, a=-100"-41 



period 52 years 

<K-Z!7" -0"-004 

if>o —m' + 1 

^7+113^^^ + 0"-003 



Short Period Primaries, 

€t> insensible 

^ + 1 +0"-003 

<f> = 2D^2{8^T) 
4> -0"-001 

<^=2Z~2i)-2(T-ig), 5=-560"-9 

period 6*3 years 

<!> insensible 

'<I>-1 +0"-014 

4>-U2D - 3 



period 35 years 
<^ + 0"002 



Saturn. 



Long Period 


Primaries. 


0o = /S, « = 


120" 45 


period 30 


years 
-0"-026 
+ 2 


1^0 + 90** = 1^ 


+ 0"-024 



^±1 



+ 0"-003 



<^=2Z-2Z)+3S-2r-tsr", 5=-440"-5 

period 8 years 

<!> insensible 

^^l +0"004 



Coefficients of Sines in Latitude. 
Veniis. Short Period Primaries. 





^ = i(r-F) 




= 2i) 


_i + i(r_F) 


i 

1 


+ 0"-005 +0' 


•002 


-4 


+ 0"002 


2 


+ 3 




-3 
-2 


+ 3 
+ 3 


i 

1 


-2D + i(T-V) 

-0"003 
6 




-1 



+ 3 

+ 2 

2D + i(T-r) 


2 


11 




i 


<i,±F-l 


3 
4 


See long period primaries 

+ 25 


1 
2 


- 0"-002 
6 


5 
6 


+ 9 
+ 5 




3 
4 


See long period primaries 
+ 4 


7 


+ 3 




5 


+ 2 


8 


+ 2 
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86 INEQUALITIES DUE TO DIRECT ACTION [SECT. 

<f> = h + h"-iT + {i-2)V <f> = 2F-2D + T+i{T-V)-90'' 



i 


4^ + F 


t 


<i>-F 


-1 


+ 0"-003 


4 


+ 0"-002 




1 


+ 4 
+ 6 


5 
6 


See long period primaries 
-0"002 


2 


+ 8 






3 

4 


+ 10 

+ 18 


^ = A- 


-r+i(r-F) 


5 

6 


See long period primaries 
25 


i 

-7 


4, + F 
+ 0"002 


7 


9 


-6 


+ 3 


8 


5 


-5 


+ 6 


9 


3 


-4 


+ 6 


10 


2 


-3 


+ 9 






-2 


+ 14 






-1 


+ 27 








1 


See long period primaries 
15 






2 


6 






3 


3 



Long Period Primaries, 

<^ = 2Z- 2i)+ 3(7- F), «=-36:r-9 4^=2/-2/)+87'-6F+l7'30', «=7r-06 

period 9| years period 48 years 

^±F -0"-003 ^±F +0"-003 

^±F-l + 32 ^±F^l + 4 
tfi + F'-l + ^D - 6 
4>-F-l + 2D - 5 

^-F-^21 + 4 4^ = 2i^-2D + 3(r-F), « = 819"-5 

^=2^-2D+6T-5F-90^ «=-7r'-27 period 4i years 

period 50 years ^^f -0"044 

ffi-'F +0"-068 4>-F-l - 2 

<I>^F+2D - 2 <l>-'F+l + 2 
^^F-l + 4 



^^F+l - 4 



= A + r-5r + 3F,5 = -628"-72 



^ = A-r,. = - 190-8 period 56 years 

period 18-6 years 

^ + >^ -0"-241 *-^C ^«"-«^2 

;:i.-2z> . 8 j^{^-f^ - 2 

fi> + F+l -f 4 

*^^+^ - ^3 J./--^ - 4 

^ + j?'_i + 13 ^-^ 
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Vl] JUPITER TERMS IN LATITUDE 87 

<^ = Z + 3!r-10F-h33°,«= + r-85 <^=-«-16r+18F-150°59', « = 13''01 
period 1920 years 
<I>±F +0"-016 

<^ = Z + 29r-26F+112°,« = -27"-85 

period 127 years 

<I>±F +0"-005 

<^=2D-Z+2ir-20F-87°0',s=-10r-92 

period 35 years 
4>±F +0"-006 

Jupiter, No Short Period Primaries. 

Long Period Primaries. 

= /-tsr'^, a = 299"l <^ = 2Z-2i)-2(r-J), 5 = -203"-58 

period 12 years 
<I>±F +0"-002 

<^=2Z-2/)+3J-2r+l73°16', «=95''-55 

period 37 years 

<I>±F +0"009 



period 273 


years 




<f>±F 


-0" 


•650 


<I>±(F-'2D) 


+ 


22 


<I}±{F+2D) 


- 


12 


^ + F+l 


- 


79 


ity-F-l 


- 


56 


^-^F-'l 


- 


7 


<l>-F+l 


+ 


14 


<f> + F'-l-\-2l> 


- 


13 


<l>-'F+l-2D 


— 


17 


4> + F'i-2l 


— 


8 


<l> + F-Sl 


— 


6 


<l>±(F^l-2D) 


- 


3 



ity-ltF 


+ 


14 


^-l-F+2D 


- 


2 


d>-l + F+2D 


— 


3 



period 15*5 


years 


^±F 


-0"-008 


<l>-^F'-l 


+ 35 


il> + F-'l 


+ 36 


^^F-l+2D 


6 


<I> + F''l + 2D 


7 


4>-F-'2l 


+ 4 


<l> + F-2l 


+ 2 


^^h-W^s^ 


- 19y'-8 


period 19 


years 


4, + F 


+ 0"-038 



0=A-A'' + /-tsr",a=lO8''-36 

period 33 years 

4, + F - 0"005 

<^ = 2i^-2i)-2(!r-/),5 = 979"-8 <^ = A-A" + 7-/, « = 3058" 

period 3*6 years period 1*2 years 

it^-F -0"-026 it^+F -0"-002 

^ = 2^- 2i) - 3 (T - /), 5= - 2269" 

period 1*6 years 

4,-F +0"005 
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88 INEQUALITIES DUE TO DIRECT ACTION [SECT. VI 

Mars. 

<^ = A + 2ilf- r+ 165^ 5= 34"07 <^ = A - K\ « = - 190"-8 

period 104 years period 19 years 

^^F -0"-010 4> + F +0"004 

Mercury and Saturn, None. 



Coefficients of Cosines in Parallax. 
i^ = 2Z-22> + 3(r-F) 4,-1 +0"-006 

<^=z + i6r~i8r+i5r 4,±i +o"-oo7 

<^ = 2/-2Z>-2(r-y) 4,-1 +0"-007 

<^ = 2^ - 2/> + 3^- 27^ + ITS'* 4,-1 + 0"003 



Additions to Annual Mean Motions. 

Perigee + 2"-69 

Node - 1"-42 
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ADDENDUM. FINAL VALUES. 

The primary coefficients in longitude having short periods can be combined 
with the secondary coefficients having the same arguments in many cases. These 
combinations have been made in the following tables which therefore represent 
the final coefficients due to the direct action of the planets, with the following 
exceptions : — 

Yenus, All long period primaries together with their secondaries except those 
arising from the arguments 

2?-2DH-2r + i(T-r) + a, 22^-.2D+3(5^- F), 2i^- 2D + 65^-57- 90^ 
which have been included. 

Ma/ra. The long period primaries with arguments 

4D ^ 3Z + 25J/ - 237^- 113°, ^ + 2Jf - ^ + 165°. 

Saturn cmd Mercury, All terms. 

These terms, omitted here, can be taken immediately from the tables in Sect. vi. 

Final coefficients of sines ofi{T'- V) + arguments at top of each column. 







2T+26 


°-6 




2D 




2D- 


-2' + 78° 


i 





-4 


+ 0" 


•001 


-15 


+ 0" 


•001 


-15 


+ 0"^001 


I +0" 


•480 


-3 


+ 


2 


-14 


+ 


2 


-14 


+ 1 


2 + 


•200 


-2 


+ 


2 


-13 


+ 


2 


-13 


+ 2 


3 + 


92 


-1 


+ 


3 


-12 


+ 


2 


-12 


+ 2 


4 + 


60 





+ 


4 


-11 


+ 


3 


-11 


+ 3 


5 + 


38 


1 


+ 


6 


-10 


+ 


5 


-10 


+ 4 


6 + 


25 


2 


+ 


8 


- 9 


+ 


6 


- 9 


+ 4 


7 + 


17 


3 


+ 


37 


- 8 


+ 


8 


- 8 


+ 4 


8 + 


12 


4 


— 


8 


- 7 


+ 


8 


- 7 


+ 5 


9 + 


8 


5 


— 


3 


- 6 


+ 


11 


- 6 


+ 5 


10 + 


6 


6 


— 


4 


- 5 


+ 


11 


- 5 


+ 7 


11 + 


4 


7 


— 


1 


- 4 


+ 


10 


- 4 


+ 7 


12 + 


1 








- 3 


— 


36 


- 3 


+ 4 












- 2 


+ 


26 


- 2 


+ 4 


7* -87 


"•8 








- 1 


+ 


15 


- 1 


+ 3 


-3 -0"-001 











+ 


16 





+ 2 


-2 - 


4 








1 


+ 


15 


1 


+ 1 


-1 - 


8 








2 


+ 


8 






- 


15 








3 


+ 


4 


2D- 


■ 2T-18' 


1 - 


47 








4 


+ 


4 


-6 


-0"-006 


2 + 


76 








5 


+ 


4 






3 + 


21 








6 


+ 


3 






4 + 


12 








7 


+ 


3 






5 + 


7 








8 


+ 


3 






6 + 


6 








9 


+ 


2 






7 + 


4 








10 


+ 


1 






8 + 


1 
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90 ADDENDUM. FINAL VALUES 



I 




±/+22'+27' 


20-^-^ + 


89' 




2i 


-8 -0 


'•002 


2 +0' 


•001 


-10 -O"^ 


001 


-3 


-0"-001 


-7 - 


4 


3 + 


6 


- 9 - 


2 


-2 


2 


-6 - 


5 


4 - 


1 


- 8 - 


3 


-1 


5 


-5 - 


6 






- 7 - 


5 







-4 - 


9 


1+2T+ 


l7'-5 


- 6 - 


8 


1 


+ 5 


-3 - 


16 


6-0' 


•016 


- 5 - 


25 


2 


+ 2 


-2 - 


29 






- 4 + 


33 


3 


9 


-1 - 


68 


2D- 


■ l 


- 3 + 


10 






[+ 


11] 


- 13 - r^ooi 


- 2 + 


5 




2Z-2D 


1 + 


91 


-12 - 


2 


- 1 + 


3 





- 0"002 


2 + 


64 


-11 - 


2 


+ 


1 


1 


4 


3 - 


127 


-10 - 


3 






2 


11 


4 - 


7 


- 9 - 


6 


2T)-l-2T 


-18' 


•2 3 


76 


5 - 


•1 


- 8 - 


8 


-5 -0"^004 


4 


+ 3 






- 7 - 


13 


-6 - 


83 






l + T- 


88' 


- 6 - 


22 


-7 + 


3 


2^-20 + 7"- 88* 


-0"002 


- 5 - 


39 






4 


-0"004 


1 - 


8 


- 4 - 


87 


2D + i 








2 + 


13 


- 3 - 


716 


-9 +0"-001 


2i-2D 


+ 27+ 17'-5 


3 + 


6 


- 2 + 


152 


-8 + 


2 


6 


+ 0"065 


4 + 


8 


- 1 + 


74 


-7 + 


2 






5 - 


4 


+ 


39 


-6 + 


2 




3Z-2D 


6 - 


2 


1 + 


13 


-5 + 


3 


3 


-0"-003 






2 + 


10 


-4 + 


1 






l-T+[ 


19,' 


3 + 


7 


-3 + 


4 




2i-4D 


-5 -0' 


•001 


4 + 


5 


-2 + 


4 


3 


+ 0"^008 


-4 - 


2 


5 + 


3 


-1 + 


3 






-3 - 


5 


6 + 


2 


+ 


2 




-4D 


-2 - 


13 






1 + 


1 


3 


+ 0"-007 


-1 + 


8 


2Ti~l + T 


-60° 










+ 


2 


-1 +0" 


•002 






3 


2F-2D 
-0"^002 


1-T + 


100' 














3 -0' 


•007 










2P- 
5 

2F-2D 
5 


2D + 7*- 90' 
+ 0"054 

+ 0"-003 
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ADDENDUM. FINAL VALUES 91 



Final coefficients of sines of i (M — T) + arguments at top of each column. 



i 







1 


+ 0' 


•019 


2 


+ 


6 


3 


+ 


3 


4 


+ 


2 


5 


+ 


1 


iIf+212''-7 


1 


+ 0' 


•002 





+ 


5 


1 


+ 


60 


2 


— 


10 


3 


— 


4 


4 


— 


2 


5 


- 


1 


2M + 


63' 


1 


-0' 


'002 


2 


— 


12 


3 


+ 


5 


4 


+ 


2 


5 


+ 


1 


3ilf+96° 


3 


- 0"-002 


4 


+ 


1 



2D -J/ +149° 


2^-1 


-5 +0"-003 


-6 -0"001 




-5 - 3 


2D-2ilf+117' 


-4 - 17 


-6 -0"-002 


-3 + 5 




-2 + 2 


±1 




-1 -0"-002 


2D-i-JIf+149' 




-7 +0"-001 


1+M+ 212° 


-6 + 3 


1 + 0"-007 


-5 + 38 


2 - 1 


-4 - 3 


5 + 8 


-3 - 1 


i-M+m° 


2D-l-2M+U7° 


-2 +0"001 


-6 -0"030 


-1 - 7 






21 -2D 


l + 2M+63° 


4 -0"002 


2 -0"001 




6 + 6 


2^-2D + if+211"' 




5 + 0"-015 


1-2M-63' 




-2 +0"001 


2Z-2D + 2if+63' 




6 -0"-019 




31-2D + 2M+&2 




6 -0"001 
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92 ADDENDUM. FINAL VALUES 



Final coefficients of sines of i{J —T)-\- arguments at top of each column, 

i I 2D-1 21 

1 +0"069 -3 +0"001 -4 -0"-004 2 -0"-013 
2-13 -2 + 4 -3 - 20 

-1 + 8 -2-804 21 + J -r 

J "6^-2 _i + 7 2 +0"002 
-0"-209 1-8 0+3 

1+11 2-171 2Z-2D 

2 + 8 2D- Z + J- 100' 2 -0"187 

Z+IS'' -3 +0"-004 

27-18" 3 +0"002 2Z-2D + J-6°-7 

-0"-009 2D-Z + C/-7" 2 -0"-190 
UJ^Q^^I _>2 +0''-007 

2D -0"021 2Z-2D + 2J-18*' 

-5 +0"-001 1 + 2 2D-Z-c/+6'-73 2 -0"002 
-4+ 2 2+58 -4 -0"-001 

-3+ 3 3- 1 -3- 6 2Z-4D 

-2-45 -2+306 2 +0"009 

-1 + 2 z-j+e** 

+ 2 -1 -0"002 2D-/-J-80*' 2Z-4D + J-7** 

1 0+21 -1 +0"005 2 -0"006 

2 - 2 

Z-J+lOe** 2D-Z-2/+18'* 3Z-2D 

2D + J-6" 3 -0"-008 -2 +0"009 2 -0"-007 
-0"-002 

1+2J-IS'' 2D-1-2J+10T' 3Z-2D + J'-7*' 

2D-J+7' 2 +0"-002 -1 +0"-002 2 -0"005 
-2 +0"-020 

+ 2 h + J-h" 2D + Z 27^- 2D 

-0"004 -2 -0"003 2 -0"-002 
2 - 1 

27^+^- 2D 

2D + ^-J'+7'' 2 -0"002 
^2 +0"-001 

-2/^+^-2D 

4D - Z 2 + 0"-001 
-2 -0"-007 

4D-Z-C/+7'* 
-2 +0"003 
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ERRATA. 

Page 10, line 7^ 



'age 10, line 7^ 
» 13, „ 7^ 
„ 14, „ loJ 

*age 10, line 8^ 
« 13, „ 8 
,, 14, „ lli 



For - 00706612 --OOSHSig read + -00662413+ 00826018. 
Page 10, line S\ 



Far -00814813 + -001210/3 read +-008260*2- -001238 ij. 



Page 14, line 3 from foot, For - -02161 read - -00812. 

Page 15, line 7, For - -4763 read + -4458. 

Page 16, lines 4, 5, For round its centre of mass read round the centre of mass of the 
earth and moon. 

Page 19, equation (18), For R= read i2=real part of. 

Page 69, line 2, For SD-F + 1 + 2T-SQ read SD-F -U2T-SQ. 

Page 75, line 11, For +722 read +726. 

„ -0"-007 „ -0''-003. 
„ -147 „ -148. 

Page 77, column headed <t>o = l + ST- 10 F, change the minus signs before w', or", h" to 
plus signs. 

Page 79, line 9, 1st column, For +86 read +83. 
n 10, „ ,. + 5 „ + 2. 

„ „ 8 from foot, For 0-2F read + 2F. 

Page 80, line 1, For dh+2iT read 3/i + 22r. 

„ „ 4 from foot, 2nd column, For +0"-029 read +0"-027. 
„ „ Delete 4>+l +0"-002. 

„ 5 „ For -0"-0152 read -0"-0086. 

last line. For <f> -0"-013 read + 110" +0"-007. 
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